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REPORT ON WAVES*. 



A Provisional Report on this subject was presented to the Meeting held at 
Liverpool in 1888, and is printed in tlte Sixth Volume of the Transactions. 
That report was a partial one. It states that "the extent and multifarious 
nature of the subjects of inquiry have rendered it impossible to terminate the 
examination of all of them in so short a time ; but it is their duty to report 
the progress which they have made, and the partial results they have already 
obtained, leaving to the reports of future years such portions of the inquiries 
as they have not yet undertaken." 

The first of these subjects of inquiry is stated to have been " to determine 
the varieties, phenomena and laws of waves, and the conditions which affect 
their genesis and propagation." 

It is this branch of the duty of the Committee which forms the subject of 
the present report. Ever since the date of that report, it has happened that 
the author of this has been so fully pre-occupied by inevitable duty, that it 
was not in his power to indulge much in the pleasures of scientific inquiry ; 
and as the active part of the investigation necessarily devolved upon him, 
it was not practicable to continue the series of researches on the ample and 
systematic scale originally designed, so soon as he had anticipated, so that 
the former report has necessarily been left in a fragmentary state till now. 

But I have never ceased to avail myself of such opportunities as I could 
contrive to apply to the furtherance of this interesting investigation. I have 
now fully discussed the experiments which the former report only registered. 
I have repeated the former experiments where their value seemed doubtful, I 
have supplemented them in those places where examples were wanting. I 
have extended them to higher ranges, and where necessary to a much larger 
scale. In so far as the experiments have been repeated and more fully dis- 
cussed, they have tended to confirm the conclusions given in the former re- 
port, as well as to extend their application. 

* I cannot allow these pages to leave my hands without expressing my deep regret that 
the death of Sir John Robison has suddenly deprived the Association of a zealous and di- 
stinguished office-bearer, and myself of a kind friend. In all these researches the responsible 
duties were mine, and I alone am accountable for them ; but in forwarding the objects of the 
investigation I always found him a valuable counsellor and a respected and cordial cooperator. 
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The results here alluded to are those which concern especially the velocity 
and characteristic properties of the solitary wave, that class of wave which 
the writer has called the great wave of translation, and which he regards 
as the primary wave of the first order. The former experiments related 
chiefly to the mode of genesis, and velocity of propagation of this wave. 
They led to this expression for the velocity in all circumstances, 

k being the height of the crest of the wave above the plane of repose of the 
fluid, h the depth throughout the fluid in repose, and g the measure of gra- 
vity. Later discussions of the experiments not only confirm this result, but 
are themselves established by such further experiments as have been recently 
instituted, so that this formerly obtained velocity may now be regarded as the 
phenomenon characteristic of the wave of the first order. 

The former series of experiments also contained several points of research 
not published in the former report, because not sufficiently extended to be of 
the desired value. Among these were a series of observations on the actual 
motion of translation of particles of the fluid during wave transmission ; these 
have since been completed and extended, and the results of the whole are now 
given. 

The former report was inevitably a fragment I have endeavoured to give 
to the present report a somewhat greater degree of completeness, For this 
purpose I have now incorporated under one general form all those results of 
the present as well as of all my former researches, which could contribute to 
the unity and completeness of the view of a subject so interesting and im- 
portant I have re- discussed my former experiments, combined them with the 
more recent observations, and thus, from a wider basis of induction, obtained 
results of greater generality. Until the date of these observations, there had 
been confounded together in an indefinite notion of waves and wave motion, 
phenomena essentially different, — different in their genesis, laws of propagation, 
and other characteristics. I have endeavoured, by a rigid course of examina- 
tion, to distinguish these different classes of phenomena from each other. 1 
have determined certain tests, by which these confused phenomena have 
been made to divide themselves into certain classes, distinguished by certain 
great characteristics. Contradictions and anomalies have in this process gra- 
dually disappeared ; and I now find that all the waves which I have observed 
may be distinguished into four great orders, and that the waves of each order 
differ essentially from each other in the circumstances of their origin, are 
transmitted by different forces, exist in different conditions, and are governed 
by different laws. It is now therefore easy to understand how much has been 
hitherto added to the difficulty of this difficult subject, by confounding together 
phenomena so different The characteristics, phenomena, and laws of these 
great orders I have attempted in the present report to determine and define. 

The knowledge I have thus endeavoured to obtain and herein to set forth 
concerning these beautiful and interesting wave phenomena, is designed to 
form a contribution to the advancement of hydrodynamics, a branch of physical 
science hitherto much in arrear. But besides this their immediate design, 
these investigations of wave motion are fertile in important applications, not 
only to illustrate and extend other departments of science, but to subserve 
the purposes and uses of the practical arts. I have ascertained that what I 
have called the great wave of translation, my wave of the first order, furnishes 
a type of that great oceanic wave which twice a day brings to our shores 
the waters of the tide. This type enabled us to understand and explain by 
analogy many of the phenomena of fluvial and littoral tides, formerly ano- 



malous (see Proceedings R.S. Ed., 1838) ; and t&us do these wave researches 
contribute to the advancement of the theory of the tides, a branch of physical 
astronomy long stationary, but which has recently made rapid strides towards 
the same high perfection which other branches of predictive astronomy have 
lone enjoyed, a perfection which we owe chiefly to Sir John W. Lubbock, 
to Mr. Whewell, and the co-operation of the British Association. It is the 
wave of the first order enumerated in this report which furnishes to us the 
model of a terrestrial mechanism, by means of which the forces primarily 
imparted by the sun and moon are taken up and employed in the transport 
of tidal waters to distant shores (see previous Reports of Brit Ass.), and 
their distribution in remote seas and rivers, which they continue in succession 
to agitate long after the forces employed in the genesis of the wave have 
ceased to exist f see Report on Tides). This application of the phenomena 
of waves to explain the tides is not their only application to the advancement 
of other branches of science. The phenomena of resistance of fluids I have 
found to be intimately connected with those waves (see Phil. Trans. Edin. 
1837)- The resistance which the water in a channel opposes to the passage 
of a floating body along that channel depends materially on the nature of the 
great wave of the first order, which the floating body generates by the force 
which propels it, and its motion is materially affected by the genesis of waves 
also, of the second order, arising from the same cause. These waves are 
therefore important elements in the resistance of fluids, and acquaintance 
with their phenomena is essential to the sound determination and explanation 
of the motion of floating bodies. If to these two branches of science we add 
the useful arts, in which an accurate acquaintance with wave phenomena 
may be of practical value to the purposes of human life, we shall find that 
the improvement of tidal rivers, the construction of public toorks exposed to 
the action of waves and of tides, and the formation of ships (see Reports of 
Brit. Ass. passim), are among the most direct and necessary applications of 
this knowledge, which is indeed essential to the just understanding of the 
best methods of opposing the violence of waves, and converting their motion 
to our own uses. By a careful study of the laws and phenomena of waves, 
we are enabled to convert these dangerous enemies into powerful slaves. By 
such applications of our wave researches, we therefore extend our knowledge 
in conformity with the maxims of the illustrious founder of our inductive phi- 
losophy, who enjoins that we always study to combine with our experimenta 
lucifera such experimenta fructifera> that while science is advanced society 
may be advantaged. 

The Nature of Waves and their Variety. 

When the surface of water is agitated by a storm, it is difficult to recog- 
nize in its tumultuous tossings, any semblance of order, law, or definite form, 
which the mind can embrace so as adequately to conceive and understand. 
Yet in all the madness of the wildest sea the careful observer may find some 
traces of method ; amid the chaos of water he will observe some moving forms 
which he can group or individualize ; he may distinguish some which are 
round and long, others that are high and sharp ; he may observe those that 
are high gradually becoming acuminate and breaking with a foaming crest, 
and may notice that the motion of those which are small is short and quick, 
while the rising and falling of large elevations is long and slow. Some of the 
crests will advance with a great, others with a less velocity ; and in all he will 
recognize a general form familiar to his mind as the form of the sea in agita- 
tion, and which at once distinguishes it from all other phenomena. 

Just as the waters of a reservoir or lake when in perfect repose are cha- 



racterized by a smooth and horizontal surface, so also does a condition of dis- 
turbance and agitation give to the surface of the fluid this form characteristic 
of that condition and which we may term the wave form. When any limited 
portion of the wave surface presents a defined figure or boundary, which 
appears to distinguish that portion of fluid visibly from the surrounding mass, 
our mind gives it individuality, — we call it a wave. 

It is not easy to give a perfect definition of a wave, nor clearly to explain 
its nature so as to convey an accurate or sufficiently general conception of it. 
Persons who are placed for the first time on a stormy sea, have expressed to 
me their surprise to find that their ship, at one moment in the trough between 
two waves, with every appearance of instant destruction from the huge heap of 
waters rolling over it, was in the next moment riding in safety on the top of 
the billow. They discover with wonder that the large waves which they see rush- 
ing along with a velocity of many miles an hour, do not carry the floating 
body along with them, but seem to pass under the bottom of the ship without 
injuring it, and indeed with scarcely a perceptible effect in carrying the vessel 
out of its course. In like manner the observer near the shore perceives that 
pieces of wood, or any floating bodies immersed in the water near its surface, 
and the water in their vicinity, are not carried towards the shore with the ra- 
pidity of the wave, but are left nearly in the same place after the wave has 
jjassed them, as before. Nay, if the tide be ebbing, the waves may even be ob- 
served coming with considerable velocity towards the shore, while the body of 
water is actually receding, and any object floating in it is carried in the opposite 
direction to the waves, out to sea. Thus it is that we are impressed with the 
idea, that (he motion of a wave may be different from the motion of the water 
.in which it moves ; that the water may move in one direction and the wave 
in another ; that water may transmit a wave while itself may remain in the 
same place. 

If then we have learned that a water wave is not what it seems, a heap of 
water moving along the surface of the sea with a velocity visible to the eye, 
it is natural to inquire what a wave really is ; what is wave-motion as distinct 
from water-motion? 

For the purpose of this inquiry let us take a simple example. I have a 
long narrow trough or channel of water, filled to the depth of my finger 
length. I place my hand in the water, and for a second of time push forward 
along the channel the water which my hand touches, and instantly cease from 
further motion. The immediate result is easily conceived ; I have simply 
pushed forward the particles of water which I touched, out of their former 
place to another place further on in the channel, and they repose in their new 
place at rest as at first. Here is a final effect, and here my agency has ceased 
— not so the motion of the water ; I pushed forward a given mass out of its 
place into another, but that other place was formerly occupied by a mass of 
water equal to that which I have forcibly intruded into its place ; what then 
has become of the displaced occupant ? it has been forced into the place of 
that immediately before it, and the occupant which it has dislodged is again 
pushed forward on the occupant of the next place, and thus in succession 
volume after volume continues to carry on a process of displacement which 
only ends with the termination of the channel, or with the exhaustion of the 
displacing force originally impressed by my hand, and communicated from 
one to another successive masn of the water. This process continues without 
the continuance of the original disturbing agency, and is prolonged often to 
great distances and through long periods of time. The continuation of this 
motion is therefore independent of the volition which caused it. It is a pro- 
cess carried on by the particles of water themselves obeying two forces, the 
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original force of disturbance and the force of gravity. It is therefore a hy- 
drodynamical phenomenon conformable to fixed law. I have now ceased 
to exercise any control over the phenomenon, but as I attentively watch 
the processes I have set a-going, I observe each successive portion of water in 
the act of being displaced by one moving mass of water, and in the act of 
displacing its successor. As the water particles crowd upon one another in 
the act of going out of their old places into the new, the crowd forms a tem- 
porary heap visible on the surface of the fluid, and as each successive mass is 
displacing its successor, there is always one such heap, and this heap travels 
apparently along the channel at that point where the process of displacement 
is going on, and although there may be only one crowd, yet it consists suc- 
cessively of always another and another set of migrating particles. 

This visible moving heap of crowding particles is a true wave, the rapidity 
with which, the displacement of one outgoing mass by that which takes its 
place, goes forward, determines the velocity with which the heap appears to 
move, and is called the velocity of transmission of the wave. The shape which 
the crowding of the particles gives to the surface of the water constitutes the 
form of the wave. The distance (in the direction of the transmission) along 
which the crowd extends, is called the length or amplitude of the wave. The 
number of particles which at any one time are out of their place, constitute 
the volume of the wave ; the time which must elapse before particles can effect 
their translation from their old places to the new, may be termed the period 
of the wave. The height of the wave is to be reckoned from the highest point 
or crest to the surface of the fluid when in repose. 

Such is the wave motion — very different is the water motion. Let us 
select from the crowd of water particles an individual and watch its behaviour 
during the migration. The progressive agitation first reaches it while still in 
perfect repose ; the crowd behind it push it forward and new particles take 
its place. One particle is urged forward on that before it, and being still 
urged on from behind by the crowd still swelling and increasing, it is raised 
out of its place and carried forward with the velocity of the surrounding par- 
ticles ; it is urged still on until the particles which displaced it have made 
room for themselves behind it, and then the power diminishes. Having now 
in its turn pushed the particles before it along out of their place, and crowded 
them together on their antecedents, it is gradully left; behind and finally settles 
quietly down in its new place. Thus then the motion of migration of an in- 
dividual particle of water is very different from the motion of transmission of 
the wave. 

The wave goes still forward along through the channel, but each individual 
water particle remains behind. The wave passes on with a continuous un- 
interrupted motion. The water particle is at rest, starts, rises, is accelerated, 
is slowly retarded, and finally stops still. The range of the particle's motion 
is short ; its translation is interrupted and final. Its vertical range and hori- 
zontal range are finite. It describes an orbit or path during the transit of the 
wave over it, and remains for ever after at rest, unless when a second wave 
happens immediately to follow the first, when it will describe a second time 
its path of translation, passing through a series of new positions or phases 
during the period of the wave. The motion of the particle is not therefore 
like the apparent motion of the wave, either uniform or continuous. The 
motion of the water particles is a true motion of translation of matter from 
one place to another, with the velocity and range which the senses observe. 
But the wave motion is an ideal individuality attributed by the mind of the 
observer to a process of changes of relative position or of absolute place, which 
at no two instants belongs to the same particles in the same place. The 
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water does not travel, the visible heap at no two successive instants is the 
same. It is the motion of particles which goes on, now at this place, now at 
that, having passed all the intermediate points. It is the crowding motion 
alone which is transmitted. This crowding motion transmitted along the 
water idealised and individualised is a true wave. 

Wave propagation therefore consists in the transmission from one class of par- 
ticles to another, of a motion differing in kind from the motion of transmission. 
Wave motion is therefore transcendental motion ; motion in the second degree; 
the motion of motion — the transference of motion without the transference 
of the matter, of form without the substance, of force without the agent. 

It is essential to the accurate conception and examination of waves, that 
this distinction between the wave motion and the water motion be clearly con- 
ceived. It has been well illustrated by the agitations of a crowd of people, 
and of a field of standing corn waving with the wind. If we stand on an 
eminence, we notice that each gust as it passes along the field bending and 
crowding the stalks, marks its course by the motion it gives to the grain, and 
the visible effect is like that of an agitated sea. The waving motion visibly 
travels across the whole length of the field, but the corn remains rooted to 
the ground ; this illustration is as apt as old, being given to us in the Iliad, 
at the conclusion of the speech of Agamemnon, beginning *Q ^x'Aoi, Upwes 
Aavaoi. 

*Of faro' .... 

Kufjdri fr dyoprj, £>$ Kvpara paKpd OaXdfffftis 
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\dfipos, kxaiyifav, ivrl r fjpvet aTrayyeaeiv' 
*11« r«v xdo dyoprj Ktvr)dr\, — II. II. 144-149. 

In the examination of the phaenoroena of waves, we have therefore two 
classes of elements for consideration, the elements of the wave motion and the 
elements of the water particle motion. We may first examine the phenomena 
of a given wave-motion, its range of transmission over the surface of the fluid, 
the velocity of that transmission, the form of the elevation, its amplitude, 
breadth, height, volume, period. We may next consider the path which each 
toater particle describes during the wave transit ; the form of that path, the 
horizontal or vertical range of the motion, the variation of the path with the 
depth, the relation of each phase of the particle's orbit to each portion of the 
corresponding wave length. By this examination I have found that there 
exist among waves groups of phenomena so different as to suggest their di- 
vision into distinct classes. I find that the general form of waves is manifestly 
different, one kind of wave making its appearance in a form always wholly 
raised above the general surface of the fluid, and whieh we may call a posi- 
tive wave, and so distinguish it from another form of wave which is wholly 
negative, or depressed below the plane of repose, while a third class are 
found to consist of both a negative and a positive portion. I find them 
propagated with extremely different velocities, and obeying different laws 
according as they belong to one or the other of these classes, the positive 
wave having in a given depth of water a constant and invariable velocity, 
while another class has a velocity varying according to other peculiarities, 
and independent of the depth. Some of them again are distinguished by always 
appearing alone as individual waves, and others as companion phenomena or 
gregarious, never appearing except in groups. In examining the paths of the 
water particles corresponding differences are observed. In some the water 



particles perform a motion of translation from one place to another, and effect 
a permanent and final change of place, while others merely change their place 
for an instant to resume it again ; thus performing oscillations round their 
place of final repose. These waves may also be distinguished by the sources 
from which they arise, and the forces by which they are transmitted. One 
class of wave is a motion of successive transference of the whole fluid mass ; a 
second, the partial oscillation of one part of it without affecting the remainder ; 
a third, the propagation of an impulse by the corpuscular forces which deter- 
mine the elasticity of the fluid mass ; and a fourth, by the capillary forces 
uniting its molecules at the surface. 

These classes, so various both in their origin, cause and phenomena, have 
not hitherto been sufficiently distinguished, but have either been unknown, 
or have been confounded with each other under the vague conception and 
general designation of wave motions. The following table is given as a first 
approximation towards a classification of the phenomena of wave motion. It 
comprehends all the waves which I have investigated, and sufficiently di- 
stinguishes them from each other. I find that water waves may be distributed 
into four orders. The wave of translation is the wave of the first order, 
and consists in a motion of translation of the whole mass of the fluid from one 
place to another, to another in which it finally reposes ; its aspect is, a solitary 
elevation or a solitary hollow or cavity, moving along the surface with a uniform 
velocity ; and hence it presents two species, positive and negative, and each 
of these may be found in a condition of free motion, or affected in form and 
velocity by the continual interference of & force of the same nature with that 
from which its genesis was derived. The wave of the second order is partly 
positive and partly negative, each height having a companion hollow, and this 
is the commonest order of visible water wave, being similar to the usual wind 
waves, in which the surface of the water visibly oscillates above and below 
the level of repose ; these waves appear in groups ; in some cases, as in run- 
ning water, they may be standing elevations and depressions, and in others 
progressive along the surface, and like the waves of the first order, may be 
altered in form and velocity by the presence of a disturbing force, so as to 
differ from their phenomena when in a state of perfect freedom. The third 
class are met with under such conditions as agitate the fluid only to a very 
minute depth, and are determined by the same forces which in hydrostatics 
produce the phenomena of capillary attraction ; and the fourth order is 
that wave insensible to sight, which conveys the disturbance produced by a 
sonorous body through a mass of the fluid, and which is at once an index and 
a result of the molecular forces which determine the elasticity of the, fluid. 
This classification has been adopted throughout the following paper. 
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Table I. 
System, of Water Waves. 



Orders, 
Designation. 

Characters... 

Species...'! 



First. 
Wave of translation . 



Varieties 



{ 



Instances < 



Solitary. 



Second. 
Oscillating 

Gregarious., 



Positive.. 
Negative., 



Stationary... 
Progressive . 

Free. 



Free 

Forced 'Forced. 

The wave of resistance.'stream ripple 

The tide wave '"Wind waves.... 

The aerial sound wave. Ocean swell. .., 



Third, 
Capillary waves. 

Gregarious.. 



Fourth. 
Corpuscular wave. 

Solitary. 



Free. 
Forced. 



Dentate waves... 
Zephyral waves. 



Water-sound wave. 



An observer of natural phenomena who will study the surface of a sea 
or large lake during the successive stages of an increasing wind, from a calm 
to a storm, will find in the whole motions of the surface of the fluid, appear- 
ances which illustrate the nature of the various classes of waves contained in 
Table 1., and which exhibit the laws to which these waves are subject. Let 
him begin his observations in a perfect calm, when the surface of the water is 
smooth and reflects like a mirror the images of surrounding objects. This 
appearance will not be affected by even a slight motion of the air, and a ve- 
locity of less than half a mile an hour (8£ in. per see.) does not sensibly 
disturb the smoothness of the reflecting surface. A gentle zephyr flitting 
along the surface from point to point, may be observed to destroy the perfec- 
tion of the mirror for a moment, and on departing, the surface remains polished 
as before ; if the air have a velocity of about a mile an hour, the surface of the 
water becomes less capable of distinct reflexion, and on observing it in such a 
condition, it is to be noticed that the diminution of this reflecting power is 
owing to the presence of those minute corrugations of the superficial film which 
form waves of the third order. These corrugations produce on the surface 
of the water an effect very similar to the effect of those panes of glass which 
we see corrugated for the purpose of destroying their transparency, and these 
corrugations at once prevent the eye from distinguishing forms at a consider- 
able depth, and diminish the perfection of forms reflected in the water. To 
fly-fishers this appearance is well known as diminishing the facility with which 
the fish see their captors. This first stage of disturbance has this distinguishing 
circumstance, that the phenomena on the surface' cease almost simultaneously 
with the intermission of the disturbing cause, so that a spot which is sheltered 
from the direct action of the wind remains smooth, the waves of the third 
order being incapable of travelling spontaneously to any considerable distance, 
except when under the continued action of the original disturbing force. 
This condition is the indication of present force, not of that which is past. 
While it remains it gives that deep blackness to the water which the sailor 
is accustomed to regard as an index of the presence of wind, and often as the 
forerunner of more. 

The second condition of wave motion is to be observed when the velocity 
of the wind acting on the smooth water has increased to two miles an hour. 
Small waves then begin to rise uniformly over the whole surface of the water; 
these are waves of the second order, and cover the water with considerable 
regularity. Capillary waves disappear from the ridges of these waves, but are 
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to be found sheltered in the hollows between them, and on the anterior slopes 
of these waves. The regularity of the distribution of these secondary waves 
over the surface is remarkable ; they begin with about an inch of amplitude, and 
a couple of inches long ; they enlarge as the velocity or duration of the wave 
increases ; by and by conterminal waves unite ; the ridges increase, and if the 
wind increase the waves become cusped, and are regular waves of the second 
order. They continue enlarging their dimensions, and the depth to which 
they produce the agitation increasing simultaneously with their magnitude, 
the surface becomes extensively covered with waves of nearly uniform mag- 
nitude. 

How it is that waves of unequal magnitude should ever be produced may 
not seem at first sight very obvious, if all parts of the original surface continue 
equally exposed to an equal wind. But it is to be observed that it rarely 
occurs that the water is all equally exposed to equal winds. The configura- 
tion of the land is alone sufficient to cause local inequalities in the strength 
of the wind and partial variations of direction. By another cause are local 
inequalities rapidly produced and exaggerated. The configuration of the shores 
reflects the waves, some in one direction, some in another, and so deranges 
their uniformity. The transmission of reflected waves over such as are 
directly generated by the wind, produces new forms and inequalities, which, 
exposed to the wind, generate new modifications of its force, and of course, 
in their turn, give rise to further deviations from the primitive condition of 
the fluid. There are on the sea frequently three or four series of coexisting 
waves, each series having a different direction from the other, and the indivi- 
dual waves of each series remaining parallel to one another. Thus do the 
condition, origin, and relations of the waves which cover the surface of the 
sea after a considerable time, become more complex than at their first genesis. 

It is not until the waves of the sea encounter a shallow shelving coast, that 
they present any of the phenomena of the wave of the first order (Report of 
1838). After breaking on the margin of the shoal, they continue to roll along 
in the shallow water towards the beach, and becoming transformed into waves 
of the first order, finally break on the shore. 

But the great example of a wave of the first order, is that enormous wave 
of water which rolls along our shores, bringing the elevation of high tide 
twice a day to our coasts, our harbours, and inland 1 rivers. This great com- 
pound wave of the first order is not the less real that its length is so great, 
that while one end touches Aberdeen, the other reaches to the mouth of the 
Thames and the coast of Holland. Though the magnitude of this wave renders 
it impossible for the human eye to take in its form and dimensions at one 
view, we are able, by stationing numerous observers along different parts of 
the coasts, to compare its dimensions and to trace its progress at different 
points, and so to represent its phaenomena to the eve and the mind on a small 
scale, as to comprehend its form and nature as clearly as we do those of a 
mountain range, or extensive country which has been mapped on a sheet of 
paper by the combination together of trigonometrical processes, performed 
at different places by various observers, and finally brought together and pro- 
tracted on one sheet of paper. 

As this great wave of the first order is not comprehended by the eye on 
account of its magnitude, so there is a wave of the fourth order which equally 
escapes detection from that organ, on account of its minuteness. By an un- 
dulation propagated among the particles of water, so minute as to be altoge- 
ther insensible to the eye, and only recognised by an organ appropriate to 
that purpose, there is conveyed from one place to another the wave of sound. 
This wave, though invisible from its minuteness, is nevertheless of a nature 
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almost identical with the wave of the first order. In air the sound wave is 
indeed the wave of the first order. It is only in liquids, when the measure of 
pressure of the fluid mass is different from the measure of the intercorpuscular 
force, that the phenomena of the wave of the first order is different from 
those of the fourth, and that we have one measure for the velocity of the 
water wave, and another for that of the sound wave. In a gaseous fluid, on 
the contrary, the measure of the pressure of the mass is also the measure of the 
intercorpuscular force, and the sound wave becomes identical with the air 
wave, the fourth order with the first. 
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Section I— WAVE OF THE FIRST ORDER. 

The Wave of Translation. 

Character Solitary. 

e f Positive. 

S P ec,es {Negative. 

Varietie » fed. 

t. nrtnq / Wave of Resistance, 

instances | Tid&l Wav€ _ Sound Wave . 

I believe I shall best introduce this phenomenon by describing the circum- 
stances of my own first acquaintance with it. I was observing the motion 
of a boat which was rapidly drawn along a narrow channel by a pair of horses, 
when the boat suddenly stopped — not so the mass of water in the channel 
which it had put in motion ; it accumulated round the prow of the vessel in a 
state of violent agitation, then suddenly leaving it behind, rolled forward with 
great velocity, assuming the form of a large solitary elevation, a rounded, 
smooth and well-defined heap of water, which continued its course along the 
channel apparently without change of form or diminution of speed. I fol- 
lowed it on horseback, and overtook it still rolling on at a rate of some eight 
or nine miles an hour, preserving its original figure some thirty feet long and 
a foot to a foot and a half in height. Its height gradually diminished, and 
after a chase of one or two miles I lost it in the windings of the channel. 
Such, in the month of August 1834*, was my first chance interview with that 
singular and beautiful phenomenon which I have called the Wave of Trans- 
lation, a name which it now very generally bears ; which I have since found 
to be an important element in almost every case of fluid resistance, and as- 
certained to be the type of that great moving elevation of the sea, which, with 
the regularity of a planet, ascends our rivers and rolls along our shores. 

To study minutely this phenomenon with a view to determine accurately 
its nature and laws, I have adopted other more convenient modes of produ- 
cing it than that which I have just described, and have employed various 
methods of observation.- A description of these will probably assist me in 
conveying just conceptions of the nature of this wave. 

Genesis of Hie Wave of ike First Order. — For producing waves of the 
first order on a small scale, I have found the following method sufficiently 
convenient. A long narrow channel or box a foot wide, eight or nine inches 
deep, and twenty or thirty feet long (Plate I. fig. 1.), is filled with water to 
the height of say four inches. A flat board P (or plate of glass) is provided, 
which fits the inside of the channel so as to form a division across the channel 
where it is inserted. 

Genesis by Impulsion or Force horizontally applied. — Let this plate be in- 
serted vertically in the water close to the end A, and being held in the verti- 
cal position, be pressed forward slo wly in the direction of X, care being taken 
that it is kept vertical and parallel to the end. The water now displaced by 
the plate P in its new position accumulates on the front of the plane forming 
a heap, *hich is kept there, being inclosed between the sides of the channel 
and the impelling plate. The amount thus heaped up is plainly the volume 
of water which has been removed by the advancing plane from the space left 
vacant behind it, and if the impulse increase, the elevation of displaced 
water will increase in the same quantity. When the water has reached the 
height P 3 , let the velocity of impulsion be now gradually diminished as at P 4 , 
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until the plate is finally brought to rest as at P b ; the height of the water 
heaped on the front will diminish with the diminution of velocity as at P w 
and when brought to rest at P 5 it will be on the original level. The total height 
of the water does not however subside with the diminution of the impulsion, 
the crest W 4 retains the maximum height to which it had risen under the 
pressure of the plane at P 9 , and moves horizontally forward ; and the smaller 
elevation produced by the smaller pressure at P 4 down to P 4 moves forward 
after W 4 . This elevation of the liquid, having a crest, or summit, or ridge in 
the centre of its length transverse to the side of the channel, continues to 
move along the channel in the direction of the original impulsion ; from the 
crest there extends forward a curved surface, Wa, forming the face of the 
toave> and a similar surface, Ww, behind the crest is distinguished as its back. 
It is convenient to designate a as the origin* w as the end of the wave ; and 
to designate the interval between a and w, the length of the wave in the di- 
rection of its transmission, its amplitude. 

The kind of motion required for generating this wave in the most perfect 
way, that is, for producing a wave of given magnitude without at the same time 
creating any disturbance of a different kind in the water — this kind of motion 
may be given by various mechanical contrivances, but I have found that the 
dexterity of manipulation which experience bestows is perfectly sufficient for 
ordinary experimental purposes. 

Genesisby a Column of Fluid. — This is a method of genesis, of .considerable 
value for various experimental purposes, especially useful when waves of no 
great magnitude are required, and also when it is desirable to measure accu- 
rately volumes or forces employed in wave genesis. The same glass plate 
may be conveniently employed in this case as in the last, only it will now be 
used in the capacity merely of a sluice, and be supported by two small verti- 
cal slips fixed to the sides of the channel so as to keep it in the vertical posi- 
tion but to admit of its being raised vertically upwards as at G, PI. I. fig. 2. 
There is thus formed between the end of the channel G and the moveable 
plate P 7 , a small generating reservoir GP r This is to be filled to any desired 
height with water, as from w to P v and the plate being drawn up, as at P 9 , the 
water of the reservoir descends to w y the level of the water of the channel, and 
pushing forward and heaping up the adjacent fluid, raises a heap equal to the 
added volume on the surface of the water; and this elevation is in no respect 
sensibly different either in form or other phenomenon from that generated 
in the former method, provided the quantity of water added in the latter case 
be identical with the quantity of water displaced in the former case. 

This method of genesis by fluid column affords a simple means of proving 
an elementary fact in this kind of wave motion. The fact is this, that while 
the volume of water in the wave is exactly equal to the volume of water 
added from the reservoir, it is by no means identical with it I filled the re- 
servoir with water tinged with a pink dye, which did not sensibly alter the 
specific gravity of the water. The column of water having descended as at 
K, and the wave having gone forward to Wp the generating column remained 
stationary at K, thus indicating that the column of water had merely acted 
as a mechanical prime mover, to put in action the wave-propagating forces 
among the fluid, in the same way as had been formerly done by the power 
acting by the solid plate in the former case of genesis by impulsion. Thus 
is obtained a first indication that this wave exhibits a transmission of force, 
not of fluid, along the channel. 

Genesis by Protrusion of a Solid. — The quantity of moving force required 
for the wave-genesis may be directly obtained by the descent of a solid weight. 
The solid at L (fig. 3.) may be a box of wood or iron, containing such weights 
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as are desired, and suspended in such a manner as to be readily detached from 
its support. Its under surface should be somewhat immerged. On touching 
the detaching spring, the weight descends, and the water it displaces pro- 
duces a wave of equal volume. If the weight and volume of solid thus im- 
mersed be equal to those of the water in the reservoir in the former case, it 
is found that the waves generated by the two methods are alike. It is expe- 
dient that the breadth and shape of this solid generator should be such as to 
fit the channel, as this removes some sources of disturbance. The results 
which are produced by this application of moving power are also convenient 
for giving measures of the mechanical forces employed in wave-genesis* 

This method is especially convenient for the genesis of waves of consider- 
able magnitude. With this view I erected a pyramidal structure of wood, 
capable of raising weights of several hundred pounds, over a pulley by means 
of a crane, and contrived to allow them to descend at will. This apparatus 
was adequate for the generation of waves in a channel three feet wide and 
three feet deep ; and the same construction may be extended to greater 
dimensions. 

Transmission of Mechanical Potoer by the Wave. — By the last two me- 
thods of genesis there is to be obtained a just notion of the nature of the 
wave of the first order as a vehicle for the transfer of mechanical power. By 
the agency of this wave the mechanical power which is employed in wave* 
genesis at one end of the channel, passes along the channel in the wave itself, 
and is given out at the other end with only such loss as results from the 
friction of the fluid. At one end, as of the channel G, fig. 4, there is placed 
the water, which, falling through a given height, is to generate the wave. At 
the other end, X, is a similar reservoir and sluice, open to the channel. 
When the wave has been generated as at K, and has traversed the length of 
the channel, it enters the receptacle X, and assuming the form marked at L, the 
sluice being suddenly permitted to descend, the CQlumn of water will be in- 
closed in the receptacle, and its whole volume raised above the level of repose 
nearly as at the first The power expended in wave-genesis, having been 
transferred along the whole channel, is thus once more stored up in the re- 
servoir at the other extremity. A part of this power is, however, expended 
in transitu by friction of the particles and imperfect fluidity, &c. When the 
channel is large, the sides and bottom smooth, the transmission of force may 
be accomplished with high velocity, at the rate of many miles an hour, to a 
distance x>f several miles. 

Re-genesis of Wave* — In the channel AX, we have found the wave trans- 
mitted from A to X, and there the power of genesis transferred to the fluid 
column now stored up in the reservoir X. If we now repeat from the re- 
ceptacle X the same process of genesis originally performed at G, elevating 
the sluice and allowing the fluid column to descend, it will again generate 
a wave similar to the first, only transmitted back in the opposite direction. 
This re-generated and re-transmitted wave may be again found in the pri- 
mary reservoir of genesis as at G, and the same power, after having been 
transmitted, twice through the length of the channel, be restored as at first 
in that channel, with only the small diminution of power lost in transitu. 
The process of re-genesis may. now be repeated, as at first, and so on during 
any number of successive transmissions and re-transmissions. 

Reflexion of the Wave*— :Thjs process of restoring the force employed in 
wave-genesis, and of re-genesis of the wave, may take place without the inter- 
vention of the sluices. The wave, on reaching the end of the channel G at 
X^ becomes accumulated in the form of the curve w x. We have there- 
fore the power of genesis now stored up in this water column, wLx, above 
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the level L, and in a state of rest By means of a sluice we may detain 
it at that height for as long time as we please. But let us suppose we do not 
wish to detain it, but allow the water column to descend by gravity as at first, 
it generates the wave by again descending, and transmits it back towards G, as 
effectually as if the reservoir had been used, or as the genesis when first ac- 
complished. By the same process of laissez faire y the power of genesis will 
be restored at G, a water column elevated, the fluid brought to rest and al- 
lowed again to descend, again to effect genesis of the wave, and again trans- 
mit the force along the channel through the particles of the wave. The wave 
is said to be reflected, and it is thus shown in reference to the wave of the 
first order, that the process called reflexion consists in a process of restoration 
of the power of genesis, and of re-genesis of the wave in an opposite direction. 
In this manner there is to be obtained an accurate view of the mechanical 
nature of the reflexion of the wave. 

Measure of the Potoer of Wave- Genesis. — If we examine the process of 
wave-genesis as at K, fig. 2, we find that the change which has taken place 
after the wave-genesis and before, consists virtually in a different arrangement 
of the particles of a given volume of water. The given rectangular column 
of water A P 10 occupies after genesis the equal space A K. This, without 
regard to the paths in which the particles have proceeded to their new places, 
this descent is the final result and integral effect of the development of the 
power of the generating column. Take away from these two equal volumes 
of fluid the volume g p common to both, and the remaining volumes w P and 
p k are equal, and a given volume of water has effectively descended from 
P G to into K kp, and g v and g* being the centres of gravity ; the quantity 
of power developed is measured by the descent of the weight of water through 
a height g x g 2 > or through half the depth of the generating reservoir, and is 
of course capable of generating in any equal mass of fluid a velocity equal 
to that which is acquired by falling through a space equal to one-half the 
depth, reckoned from the top of the generating column to the bottom of the 
channel. 

Imperfect Genesis of the Wave. — The wave may be said to have imperfect 
•genesis, as far as the purposes of accurate experiment are concerned, when it 
is accompanied by other wave phenomena which interfere with it The pre- 
cautions necessary to perfect genesis appear to be these, that the volume of 
water should not widely differ from the volume of the wave it is proposed to 
generate, and that the height of the water should not greatly differ from that 
of the wave ; and even these precautions are scarcely sufficient for the gene- 
ration of a perfect solitary wave in a case where it is extremely high. The 
reason is obvious. 

Residuary Positive Wave. — In a case of genesis where the precautions 
mentioned above are not observed, the following phenomenon is exhibited. 
If, as in the case fig. 6, the volume of the generating fluid considerably exceed 
(in consequence of the length of the generating reservoir) the length of the 
wave of a height equal to that of the fluid, the wave will assume its usual 
form W notwithstanding, and will pass forward with its usual volume and 
height ; it will free itself from the redundant matter w by which it is accom- 
panied, leaving it behind, and this residuary wave, t0 2 , will follow after it, only 
with a less velocity, so that although the two waves were at first united in the 
compound wave, they afterwards separate, as at W 2 «?, and are more and more 
apart the further they travel. 

Disintegration of large Wave Masses. — Thus also by increasing the length 
of the generating column, there may be generated any number of residuary 
waves, and it is a result of no little importance, to just conceptions of the 
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nature of the wave of the first order, that it be not regarded as «n arbitrary 
phenomenon deriving all its characters from the conditions in which it was 
at first generated, but that it is a phenomenon sui generis, assuming to itself 
that form and those dimensions under which alone it continues to exist as a 
wave. The existence of a moving heap of water of any arbitrary shape or 
magnitude is not sufficient to entitle it to the designation of a wave of the first 
order. If such a heap be by any means forced into existence, it will rapidly 
fall to pieces and become disintegrated and resolved into a series of different 
waves, which do not move forward in company with each other, but move on 
separately, each with a velocity of its own, and each of course continuing to 
depart from the other. Thus a large compound heap or wave becomes resolved 
into the principal and residuary waves by a species of spontaneous analysis. . 

Residuary Negative Waves* — There is a method of genesis the reverse of 
the last, which also produces residuary waves, but they are thus far the reverse 
of the last in form, as they have the appearance of cavities propagated along 
the surface of the still water in the channel, and they move mere slowly than 
the positive wave : we may give them the appellation of residuary negative 
waves. When the elevation of the fluid in the reservoir is great in proportion 
to its breadth (reckoned as amplitude), the descending column of genesis com- 
municates motion to a greater number of particles of water than its own, but 
with a less velocity ; these go to form a wave which is larger in volume than 
the column of genesis, and therefore contribute to the volume of the wave 
some of the water which originally served to maintain the level of the fluid 
or surface of repose ; this hollow is transferred like a hollow wave along the 
fluid, and there may exist several such waves, which I have called residuary 
negative waves. But these waves do not accompany the primary wave, nor 
have they the same velocity. See O, fig. 16. 

It is of some importance to note, that these residuary phenomena of wave- 
genesis are not companion phenomena to the primary wave or positive wave 
of the first order. They will be separately considered at another time ; mean- 
while it is to be noted that these residuary phenomena accompany only the 
genesis of the wave, but do not attend the transmission, as they are rapidly 
left behind by the great primary solitary wave of the first order. Certain 
philosophers have fallen into error in their conceptions of these experiments 
by not sufficiently noting this distinction. 

It is worth notice also, that besides these, many other modes of genesis 
have been employed ; solids elevated from the bottom of the channel, vessels 
drawn along the channel, &e.; wherever a considerable addition is made to the 
height and volume of the liquid at any given point in the channel, a wave of 
the first order is generated, differing in no way from the former, except in such 
particulars as are hereinafter noticed. 

Motion of Transmission*— The crest of the wave is observed to move 
along a channel which does not vary in dimension, with a velocity sensibly 
uniform, so that the velocity with which it is transmitted may be determined 
by simply measuring a given distance along the channel, and observing the 
number of seconds which may elapse during the transit from one end of the 
line to the other. This interval of time is sensibly equal for any equal space 
measured along the path, and hence we determine that the velocity of the 
wave transmission is sensibly uniform. 

Range of Wave Transmission. — The distance through which a wave of the 
first order will continue to propagate itself, is so great as to afford considerable 
facility for accurate observation of its velocity. For accurate observations it is 
convenient to allow the early part of the range to escape without observation; 
for this purpose, that the primary wave, which is to be the subject of observa* 
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tion, may disembarrass itself of such secondary phenomena as frequently ac- 
company its genesis, when that genesis cannot be accurately accomplished. 
A small part of the range is sufficient for this purpose, and the remainder is 
perfectly adapted for purposes of accurate observation, as it continues to 
travel along its path long after the secondary waves have ceased to exist. 
The longevity of the wave of the first order, and the facility of observing it, 
may be judged of from the following experiments, made in 1835-1837. 

Ex. 1. A wave of the first order, only 6 inches high at the crest, had tra- 
versed a distance of 500 feet, when it was first made the subject of observa- 
tion. After being transmitted along a further distance of 700 feet, another 
observation was noted, and it was observed still to have a height of 5 inches, 
and to have travelled with a velocity of 7*55 miles an hour. 

Ex. 2. A wave of the first order, originally 6 inches high, was transmitted 
through a distance of 3200 feet, with a mean velocity of 7*4 miles an hour, 
and at the end of this path still maintained a height of 2 inches. 

Ex. 3. A wave 18 inches high, moving at the rate of 15 miles an hour, in 
a channel 15 feet deep, had still a height of 6 inches, having traversed the 
same 'space in 12 minutes. 

Ex. 4. Among small experimental waves of the first order, in small chan- 
nels, I have selected one, which, whose crest being 1*34 inch high, in a 
channel 5*10 inches deep, was transmitted through a range of 1360 feet, and 
still admitted of accurate observation. 

These examples serve to convey an accurate idea of the longevity of a 
wave of the first order. And this longevity appears to increase with the 
depth and the breadth of the channel, and with the height of the wave crest. 

Degradation of the Wave of the First Order. — In the progress of a wave 
of the first order, it is observed that its height diminishes with the length of 
its path ; the velocity also diminishes with the diminution of height, though 
very slowly. This degradation of height is observed to go on more rapidly in 
proportion as the channel is narrow, shallow or irregular, and rough on the 
sides, and is diminished according as the channel is made smooth and regular 
in its form, or deep and wide. It is to be attributed to the imperfect fluidity 
of the water in some degree, but also to the adhesion of water to the sides. 
The particles of fluid near the sides and bottom are retarded in their motions, 
and the transmission takes place more slowly among them. The wave passes' 
ou, leaving in these particles a small quantity of the motion it had communi- 
cated, and of its force and volume, and in consequence of this there exists 
along the whole channel, over which the wave has passed, a residual motion 
or continuous residual wave, very small in amount, but still appreciable by ac- 
curate means of observation. The volume of the wave is thus diffused over 
a large extent along its path, where finally it has deposited the whole of its 
volume, and so disappears. This degradation is therefore the means by which 
the motion of a wave in an indefinite channel is gradually and slowly termi- 
nated. In the history of a solitary wave of the first order, the progress of this 
degradation is to be observed from the examination of Table II. column B, 
which gives the height of the wave as observed at every 40 feet along its path. 
In the first 200 feet this diminution amounts to about £ of the height at the 
commencement. At the end of the second 200 feet, the height is diminished 
by $ of the height at the commencement of that space. During the third 
space of 200 feet the degradation produced is nearly \ of the height of the 
wave; this appears to be the most rapid degradation, and in the next space 
of 200 feet it is little /nore than £ ; in the next, less than a third of the height 
at the beginning of that space. These successive heights are given graphi- 
cally in Plate II. fig. 7. 
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The Velocity of Transmission of the Wave of the First Order. — The history 
of a single wave has sufficed to show us that the velocity with which its crest 
is transmitted along the channel is nearly that which a heavy body will 
acquire falling freely through a height equal to half the depth of the fluid. 
This is a very simple and important character in the phenomena of this wave, 
by which, when the depth of the channel is known, we may at once predict 
approximately the velocity of the wave of translation. The following are 
approximate numbers deduced from this conclusion, and which I find it con- 
venient to recollect. 

In a channel whose depth is 2\ inches, the velocity of the wave is 2\ feet 
per second. 

In a channel whose depth is 15 feet, the velocity of the wave is 15 miles an 
hour. 

In a channel whose depth is 90 fathoms, the velocity of the wave is 90 miles 
an hour. 

These numbers are, however, only first approximations, for it is to be ob- 
served in reference to wave, Table II., that the wave, when its height is con- 
siderable, moves with greater velocity than when it is small. These numbers 
become accurate, if in the depth, the height of the wave be included. 

The Height of the Wave of the First Order, an element in its velocity.— The 
height of the wave appears to enter as an element in its velocity, and to cause 
it to deviate from the simple formula A. Thus the velocity of the wave only 
coincides with the velocity assigned in Table II. when the height of the wave 
is inconsiderable. 

1 have found that this deviation is to be reconciled, without at all destroying 
the simplicity of the formula, by a very simple means. In order to obtain 
perfect accuracy, we have only to reckon the effective depth for calculation, 
from the ridge or crest of the wave instead of from the level of the water at 
rest ; and having thus added to the depth of the water in repose, the height 
of the wave crest above the plane of repose, if we take the velocity which a 
heavy body would acquire in falling through a space equal to half the depth 
of the fluid (reckoning from the ridge of the wave to the bottom of the chan- 
nel), that number accurately represents the velocity of transmission of the 
wave of the first order. 

We have, therefore, for the velocity of the wave of the first order, 

approximately t?= ^ gh, » » A. 

accurately v= ^g(h+h), B. 

where v is the velocity of transmission, 

g is the force of gravity as measured by the velocity which it will com- 
municate in a second to a body falling freely =32, 
A is the depth of the fluid in repose, 

h is the height of the crest of the wave above the plane of repose. 
The velocities of waves of the first order in channels of different depths are, 
therefore, as the square roots of the depth of these channels. 

Nevertheless, when the height of one of the waves is considerable compared 
with the depth of the channel, a high wave in the shallower channel may move 
faster than a lower wave in a deeper channel ; provided only the excess in 
height of the higher wave be greater than the difference of depth of the 
channels ; in short, that wave will move fastest in a given channel whose 
crest is highest above the bottom of the channel, and in channels of different 
depths waves may be propagated with equal velocities, provided only the sum 
of the height of wave and standing depth of channel amount to the same 
quantity. 
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Table II. 
History of a Solitary Wave of the First Order, from observation. 

Depth of fluid in repose in the channel 5*1 inches. 

Breadth of the channel 12 inches ; the form rectangular. 

Volume of generating column 445 cubic inches. 

Column A is the observed height of the crest of the wave in inches above 
the bottom of the channel. 

Column B is the observed height of the crest of the wave in inches above 
the surface of the water in repose. 

Column C is the time in seconds occupied in traversing the distances in 
column D. 

Column D is the spaces traversed by the wave in feet previous to each 
observation of time. 

Column £ is the velocity of the wave through each length of 40 feet de- 
duced from observation. 

Column F is the velocity deduced from the formula v^(A+ A)=t?. 
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3*81 


3*80 


I -01 


5*36 


0-26 


163-0 


640 


3*81 


3*79 


- 02 


5*32 


022 


1735 


680 


3*81 


3*78 


- 03 


5 31 


0-21 


184-0 


720 


3 81 


3*77 


- 04 


5 29 


0-19 


195*0 


760 


3*63 


8*77 


4- -14 


5*7 


0-17 


205-5 


800 


3-81 


3*76 


- -05 


5*86 


016 


216-5 


840 


3 63 


3-75 


4- 12 


525 


0-15 


2275 


880 


3-63 


3-75 


+ •12 


5-24 


0*14 


2375 


920 


4*0 


3-75 


- *25 


5 23 


0-13 


248-5 


960 


3*63 


3 74 


+ 11 


5-22 


0-12 


259-5 


1000 


3 63 


3-74 


+ 11 


5-20 


•o-io 


270-0 


1040 


3*81 


373 


1 08 


519 


0-09 


*281 


1080 


3*63 


3*73 


+ 10 


519 


0-09 


291-5 


1120 


3-8] 


3-73 


- -08 


518 


0-06 


302*5 


1160 


3-61 


3*72 


+ 11 


+1*36 














-0*84 


+0*52 












Mean... 


+0-018 



History of a solitary Wave of the First Order. — In the accompanying table 
is given a history of the progress of a wave from its genesis through a range 
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of 1160 feet, and daring a period of 302 seconds. This wave was generated 
in the manner already described, by the addition of a volume of 445 cubic * 
inches to the fluid at one extremity of the channel. The fluid in repose 
had a depth of 5*1 inches, and the wave generated had a height of 1*34 
inch above the plane of repose, thus making the whole depth reckoned from 
the crest of the wave to the bottom of the channel =5*1 + 1*34=6*44 inches 
as the depth total. This, as successively observed, forms column A, and 
the simple height of the wave above the plane of repose forms column B. 
The height of the wave is recorded at successive distances of 40 feet, as re- 
corded in column D, reckoning from the first observation, and the correspond- 
ing time of transit past the station of observation is given, in column C. The 
column E gives the velocity between two successive stations as resulting from 
the observatio ns C and D. In order to compare these observations with the 
formula t>= <fg(h + k), g is taken at the value 32*1908 feet, being the velo- 
city required in one second by a body falling freely in vacuo in the latitude 
of Greenwich at the level of the sea, and (h+k) is the number of inches in 
column A, reduced to decimals of a foot The number resulting from these 
as the velocity per second which a heavy body will acquire in falling freely 
by gravity through a space equal to half the depth (reckoned from the crest 
of the wave), is that given in column F ; with which the numbers in column 
£ resulting from observation are compared, their excess or defect being set 
down with the signs + or — in column G. 

We are thus enabled to compare the numbers given by observation £ 
with the numbers given by formula F, and the result G shows that the 
coincidence is as close as the means of observation would admit It was not 
possible with the chronometer then applied (although observations to fifths 
of a second have since been obtained) to depend upon accuracy to more mi- 
nute intervals than half-seconds, and the differences in column G are precisely 
what we should have expected, being nearly alternately -f and — , and being 
of nearly the same magnitude at both ends, and along the whole line of ob- 
servation. The sum of the errors affected by the positive sign is +1*36, 
the sum of those affected with the negative sign —0*84, so that the whole 
of 29 observations give only an excess of +'52, or a mean excess of 0*018, 
showing a mean excess of velocity of the observation over the velocity assigned 
by the formula, of 0*018 of a foot per second, being less than ?fojth of the 
whole. Hence we are warranted in assuming, that as far as the history of 
this wave is concerned, the velo city is accurately represented to within yfcyth 
part by the formula */g(h+h)=v. 

Experiments on the Velocity. — In order to determine the velocity of the 
wave of the first order with accuracy, a series of experiments have been made 
upon rectangular channels, extending from 1 inch in depth and a foot wide, 
to 12 feet wide and 6 feet deep. These experiments, forming a series of thirty 
different depths, are given in Table III. Column A contains the depth of the 
water, reckoned from the crest of the wave. Column B is the height of the 
crest of the wave above the level of the water in repose. Column C is the 
velocity of the wave as observed, and in column D is given the vel ocity due 
to half the depth in column A calculated by the formula t*= ^g(h+k). 
Columns D and C are compared, and their difference given in £, from which 
it results that the formula represents the experiments to within a mean error 
of 0*007. The results of this table leave no room to doubt that, as far as 
observation can settle, this point, the velocity is conclusively settled, and de- 
termined to be that due by gravity through half the depth of the fluid, reckoned 
from the ridge of the wave. 
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Table III. 

Determination of the Velocity of the Wave of the First Order, front observation. 
(See Seventh Report of the British Association, and Researches on Hy- 
drodynamics in the Philosophical Transactions of the Royal Society 
of Edinburgh, 18S6.) 

The form of the channels was rectangular. 

The breadth of the channels varied from 12 inches to 12 feet. 

Column A gives the depth of the channel in inches reckoned from the top 
of the wave. 

Column B gives the height of the wave above the surface of the fluid in 
repose. 

Column C is the velocity of the wave in feet per second, from observation. 

Column D is the velocity of the wave calculated by formula B. 

Column £ is the difference between columns D and C. 



A. 


B. 


C 


D. 


E. 


A. 


B. 


c. 


D. 


E. 


1-0 






163 




6-9 


07 


4-29 


4-30 


+ 01 


105 


0-05 


1*64 


1-67 


+•03 | 


7*0 






4-33 




130 


0-15 


1-84 


1-86 


+•02 


7*33 


0-29 


4 39 


443 


+ 04 


162 


0-32 


206 


2-08 


+'02 


744 


40 


4 44 


4-46 


+•02 


2-0 






231 




782 


0-78 


4 53 


457 


+ 04 


219 


0-29 


2-30 


2 42 


+•12! 


8-0 


078 


4-53 


4 63 


+ 10 


30 






283 




9-0 






491 




310 


0-16 


2-87 


2-88 


+ 01 ! 


100 






518 




3-23 


015 


2 99 


2-94 


-•05 I 


110 






5-43 




3 84 


0-92 


324 


3 21 


-03 


150 






6 34 




3-9 


0-96 


333 


3 23 


-10 , 


190 






714 




3-97 


0-81 


3 26 


3 26 


•00 1 


20-0 






732 




40 


0-19 


3 33 


3-27 


-06 1 


210 






750 




408 


013 


324 


330 


+ 06 ! 


260 






835 




4-20 


013 


333 


3 35 


+•02 '• 


27-0 






8-51 




4-31 


0-24 


340 


3 40 


•00 


280 






8-66 




4-49 


42 


3-46 


3 47 


+•01 i 


29-0 






8-82 




4 61 


074 


352 


351 


-01 1 


300 






897 




475 


0-8 


352 


3 56 


+•04 


350 






9 68 




50 






3 66 




420 


30 


10-59 


1061 


+•02 


5-20 


0-10 


37$ 


373 


•00 


45*0 






10-98 




525 


0-15 


372 


375 


+ 03 


50-0 






11-58 




5 61 


0-57 


405 


3-88 


-17 


550 






1214 




5-82 


0-72 


390 


395 


+ 05 


600 






1268 




60 






401 




650 






13-20 




6-47 


0-27 


414 


416 


+•02 


70-0 






1370 




674 


054 


432 


4 25 


-07 


750 


9-0 


14 23 


1418 


-•05 


+•66 




















-•54 


+ 12 










i 








Mean.. 


+•004 



It appeared to me at one time matter of doubt, whether waves very low in 
height were not somewhat slower than the velocity of the formula, aud those 
of a large size somewhat more rapid. To determine this point, Tables IV. 
and V. were prepared, the former consisting of larger waves, the latter of 
smaller. It can scarcely be said that these tables, which are arranged exactly 
as the previous one, establish any distinction in this respect. 
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To render the results of all these experiments still more appreciable, they 
are graphically laid down in Plate IL, the stars representing the individual 
experiments, and the line the formula. The coincidence is satisfactory. 



Table IV. 
Velocity of larger Waves. 



Table V. 
Velocity of smaller Waves. 



A. 


B. 


c. 


D. | E. 


1-62 


032 


206 


1 

208 '+-02 


3-84 


0-92 


3-24 


i 

321 !--03 


39 


096 


3-33 


3-23 -10 


397 


081 


3*28 


3 26 1 00 


4-49 


042 


3-46 


347 '+-01 


4 52 


0-56 


347 


3-48 1+01 


4 61 


074 


3-52 


3 51 !--01 


475 


08 


3-52 


3-56 J+-04 


561 


0-57 


4 05 


3 88 -17 


5 80 


0-7 


40 


3 94 .06 


5-82 


0-72 


390 


3-95 I+-05 


675 


0* 


413 


4-25 I+-12 


6-86 


0-61 


4-21 


4-28 ,+-07 


6-9 


0-7 


4-29 


4-30 +01 


7-82 


0-78 


4 53 


4-57 + 04 


784 


0-8 


4 43 


4-58 +-15 


7-87 


•0-83 


4-58 


459 +06 


80 


0-78 


4 53 


4-63 


+•10 


+•68 










-•37 


+'31 








Mean.. + 017- 

i 



A. 


B. 


C. 


D. 


E. 


10 






1-63 




105 


0-5 


164 


167 


+ 03 


1-30 


015 


184 


1-86 


+•02 


20 






231 




219 


0-29 


2-30 


2-42 


+ 12 


30 






2-83 




310 


016 


2-87 


2-88 


+•01 


323 


015 


299 


294 


-05 


400 


019 


3-33 


3 27 


-06 


408 


0-13 


3 24 


3-30 


+ 06 


420 


013 


333 


3 35 


+•02 


431 


024 


340 


3 40 


00 


50 






366 




5 20 


010 


3-73 


3-73 


•00 


5-25 


0-15 


3 72 


3-75 


+ 03 


60 


• 




4*01 




640 


0-15 


404 


414 


+ 10 


6-47 


0-27 


414 


416 


+•02 


6 74 


0-54 


4-32 


4-25 


-•07 


70 






4-33 




733 


0-29 


439 


4-43 


+ 04 


7-44 


0-40 


4 44 


4-46 


+•02 


8-0 






463 




+•47 










-•18 


+•29 








Mean.. 


+ 018 



Wave of the First Order not formerly described. — Although many distin- 
guished philosophers from the time of Sir Isaac Newton have devoted 
themselves to the study of the theory of waves, I have not been able to 
discover in their works anything like the prediction of a phenomenon such 
as the wave of translation or the solitary wave of the first order. The waves 
of the second order, or gregarious oscillations, which make their appearance 
in successive groups, or long and recurring series, such oscillations of the 
surface of the water as we notice on the sea, or are excited when the quies- 
cent surface of a lake is disturbed by dropping a stone, and which diffuse 
themselves in concentric circles around the centre of derangement ; these 
have long been familiar to naturalists, and have been studied, though with 
comparatively little success, by philosophers. But I have not found the phe- 
nomenon, which I have called the wave of the first order, or the great solitary 
wave of translation, described in any observations, nor predicted in any theory 
of hydrodynamics. 

Unquestionably the means of making such a prediction must have existed 
in any sound theory. It is, I think, pretty generally admitted that Lagrange 
was quite successful in stating the general equations of fluid motion ; so that 
it was only necessary to obtain complete solutions of these equations to ex- 
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hibit the formulae of all motion consistent with the maintenance of continuity 
of the fluid and obedience to the laws of motion and pressure. After find- 
ing the general equations for the motion of incompressible fluids in the 'M6- 
canique Analytique,' part 2. sect is., Lagrange says, " Voila les formules 
les plus generales et les plus simples pour la determination rigoureuse du 
mouvemt'nt des fluides* La difficult^ ne consiste plus que dans leur integra- 
tion ;" and then he adds elsewhere, " malheureusement elles sont si rebelles, 
qu'on n'a pu jusqu'a present en venir a bout que dans des cas tres-limites." 
Indeed, ever since the publication of Euler's general formula for the motion 
of fluids in the Memoirs of the Academy of Sciences of Berlin, 1755, the 
whole phenomena of fluids in all conditions may be considered as having 
been represented. But the phenomena have remained there till now, locked 
up without any one to open, and amongst the rest 1 presume the wave of the 
first order. 

There is one point, however, in which the analysis of M. Lagrange has 
appeared to make an approach to the representation of one of the phenomena 
peculiar to the wave of translation. In section xii. of part 2. of the ' Me- 
canique Analytique,' he investigates the propagation of vibrations in elastic 
fluids (like those of sound through the atmosphere), and obtains an equation 
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from which he afterwavds deduces the well-known law that sound is propa- 
gated with a velocity (nearly) equal to that which is due to gravity, acting 
freely through a height equal to half the depth of the atmosphere (supposed 
homogeneous and of uniform density). And again, elsewhere he finds for the 
propagation of wave motion in a liquid in a channel with a Level bottom, and 
a depth a, the equation 

dt* 

and from the similarity of this to the former equation, he argues as follows : 
" Ainsi comme la vitesse de la propagation du son se trouve egale a celle qu'uu 
corps grave acquerrait en tombant de la moitie de la hauteur de Tatmosphdre 
supposee homog£ne, la vitesse de la propagation des ondes sera la meme que 
celle qu'un corps grave acquerrait en descendant d'une hauteur egale a la 
moitie* de la profondeur de reau dans le canal." 

Had this result been of the same general nature with the original equations 
from which it is deduced, we should have been able to assign to the analysis 
of M. Lagrange the honour of having predicted in 1815 the wave of the first 
order, never distinctly recognised by observation till 1834. Unhappily the 
nature of his investigation precludes us from doing so, and he goes on himself 
to admit that this conclusion will only apply to such waves as are infinitely 
small, and agitate the water to a very small depth below the surface. " On 
pourra toujours employer la th6orie prec6dente, si on suppose que dans la 
formation des ondes l'eau n est ebranlee et remuee qu'a une profondeur tr£s- 
petite." The wave of the first order bears as its characteristics, the observed 
phenomena, that the agitation does extend below the surface to the very 
bottom of the channel, where it is quite as great as at the surface, and that 
its oscillations are large. The essential conditions of Lagrange's analysis be- 
ing that the oscillation is minute, and that the agitation of the fluid is con- 
fined to the surface, we are precluded from the application of his formula to 
the wave of the first order. 

I have been led to speak thus fully of M. Lagrange's solution, because his 
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result is the only one that offers a tolerable approximation to the represen- 
tation of the velocity of the wave of the first order. I do not find in the re- 
sults obtained by M. Poisson in his * Theory of Waves/ any result that repre- 
sents the phenomena of this wave, although he shows that the solution of 
Lagrange cannot either mathematically or physically be applied to consider- 
able depths. Nearly all of them seem to apply only to the phenomena of the 
fluid in the vicinity of the initial disturbance. The supposed method of 
genesis is one also which precludes the existence of the wave of the first order. 
The greater part of the investigations of M. Poisson and of M. Cauchy 
under the name of wave theory, are rather to be regarded as mathematical 
exercises than as physical investigations ; but an account of what has been 
accomplished in this way by them, and by M. Laplace, may be found in the 
excellent Reports of Mr. Challis in the Transactions of the British Association, 
and in the treatise of MM. Weber*. 

* I think It right in this place to mention, with such distinction as I am able to bestow, a very 
valuable treatise on waves, which was published nearly twenty years ago in Leipsic, by the 
brothers Ernest H. Weber and William Weber, entitled ' Wellenlehre auf Ezperimente ge- 
griinder, oder iiber die Wellen tropfbarer Fliissigkeiten mit Anwendung auf die Schall- und 
Licht-Wellen, von den Briidern Ernst Heinrich Weber, Professor in Leipzig und Wilhelm 
Weber in Halle. Mit 18 Kupfertafeln. Leipzig, bei Gerhard Fleischer, 1825.' The work is 
distinguished by more than the usual characteristics of German industry in the collection of 
materials, and contains nearly all that has ever been written on waves since the time of 
Newton, and as a book of reference alone is a valuable history of wave research. To this 
synopsis of the labours of others is appended a valuable series of experiments by the Messrs. 
Webers themselves, contrived with much ingenuity, and conducted with apparently a high 
degree of accuracy, designed to illustrate, extend, contradict or confirm the various theories 
that have been advanced. 1 have been disposed to regret that this excellent book did not reach 
me till long after my own researches had advanced far towards completion. But if it had done 
so, it might have diverted me from my own trains of research. As the subject now stands, it 
so happens that their labours and mine do not in the least degree supersede or interfere with 
each other. Our respective works may be rather- reckoned as supplementary the one to the 
other, inasmuch as a great part of what they have done I have not attempted, and the most 
part of what I have done will not be found in any part of their work. Of the existence of my 
great solitary wave of the first order they were not aware, and although I am now able to re- 
cognise iti influence on their results, yet owing to the nature of their experiments, it was not 
likely they should recognise its existence, much less could they examine its phsenomena. 
' The following passages serve to show that the Messrs. Weber had never recognised the ex- 
istence of my solitary wave of the first order. They say in Abschnitt IV. Art. 87, — 

" Waves make their appearance as heights and hollows upon the surface of the liquid, one 
part being raised above the level surface, and another part sunk below it ; hence the height 
may be called the wave-ridge, and the depression the wave-hollow. These wave-ridges and 
wave -hollows never come singly, but always connected with one another. This is the reason 
why we do not call the wave-ridge by itself alone a untve t nor the wave-hollow by itself alone 
a wave, but simply the two conjoined." Art. 89. " The sum of the breadths of one wave- 
ridge and of its companion wave-hollow, is called the breadth of a wave." Art. 101. " But 
never in nature appears a wave-ridge unconnected with a wave-hollow, nor in like manner 
any wave-hollow without its companion wave-ridge. Also from this reason it follows that we 
can never have, during wave-motion, a particle of the fluid moved forward in its path without 
immediately before or after having a contrary motion also ; nor backwards, without also its 
path being reversed.'* 

Their observations on the larger class of waves are ingeniously contrived, carefully observed, 
and faithfully recorded, but lose much of the value as the basis of calculation and of general 
laws from the following circumstances : — 1st, the narrowness of the channel ; that in which the 
greater number of observations was made, being only 6'7 lines wide ; from this cause so great 
an influence was produced by the adhesion of the sides as seriously to interfere with the phse- 
nomena, which ought not therefore to be considered as the phsenomena of perfectly free fluids; 
2, the shortness of the channels ; the longest having a depth of 2 feet and only 6 feet of length ; 
in this case an observation of the wave of the first order was impossible ; and when we add that 
the wave genesis was in general produced by the descent of a water column of great height, it was 
impossible that in the short period of wave transit the phsenomena could attain a condition of 
uniformity favourable to accurate observation, one second and a fraction of a second being the 
whole period of an observation, and it being necessary to observe accurately to at least one- 
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Having ascertained that no one had succeeded in predicting the phenome- 
non which I have ventured to call the wave of translation, or wave of the 
first order, to distinguish it from the waves of oscillation of the second order, 
it was not to be supposed that after its existence had been discovered and its 
phenomena determined, endeavours would not be made to reconcile it with 
previously existing theory, or in other words, to show how it ought to have 
been predicted from the known general equations of fluid motion. In other 
words, it now remained to the mathematician to predict the discovery after 
it had happened, i. e. to give an d priori demonstration d posteriori. 

Theoretical Results subsequent to the publication of the Author's Investiga- 
tions. — Since the publication of my former observations on the wave of the 
first order, two attempts have been made to elicit from the wave theory, as 
developed by Poisson, &c, results capable of such physical interpretations as 
should represent the phenomena of that order. 

The first of these investigations is that of Mr. Kklland in the Edinburgh 
Philosophical Transactions. This valuable and elegant investigation deduces 
theoretically, from the general equations of fluid motion, on the hypothesis 
of parallel sections, and of oscillations of the general form of the curve of 
sines, the following value for the velocity of a wave, 

-i'ia+Fa-l 1 — i»+5=i}' ' ' " ; &* 

s being the semi-elevation, h the depth in repose, A the length of the wave, 
c the velocity of transmission. 

This expression gives values for the velocity of the wave which Mr. Kel- 
land has himself compared with my experiments as follows : — 

Theoretical value when A =3*97 and 2t=0'53, is c=2-869S . 
Observed value c=3'38, 

twentieth of a second, the results possets little value as measures of the phenomena. In my 
experiments we found that the first observations immediately after the wave genesis were the 
least accurate and the least valuable, and these are the only observations employed by MM. 
Weber in their larger wave observations. Further, as they did not recognise at all the possi- 
bility of the existence of the solitary wave of the first order, nor the difference of its pheno- 
mena from the negative waves, nor the distinction of waves into separate first and second orders, 
they have mingled together the observations and phenomena of both. Thus have they failed 
to recognise the existence of the law of the velocity which I have elicited. 

Nevertheless, their observations are very valuable, and furnish interesting information to one 
already master of my observations. In their very deviations from the laws exhibited by my 
observations, they become instructive as manifesting and enabling us to measure the amount of 
those interfering influences which diminished the value of their experiments when taken by 
themselves. For this purpose I have taken some of their experiments and placed them beside 
the results of mine; the effects of adhesion to the sides, and of more or less perfect fluidity, 
are well manifested in the difference of the results. It is however to be remembered that in 
point of accuracy and precision, and also of weight, the shortness of period and path in their 
observations diminish their value. 

These remarks, which I make with perfect deference, are designed to apply only to the large, 
class of waves to which chiefly I have directed my attention ; the observations on dropping 
waves, and all those made with reference to the phenomena of light and sound, are to be 
exempted from these remarks. I desire that my experiments should enhance rather than 
derogate from the value of those of my estimable predecessors, and I wish rather by these 
statements to make an apology to them for having arrived at different conclusions, by showing 
that the methods I chanced to light upon, and the circumstances in which I observed, were 
more favourable than those which they happened to employ. I only aspire to having brought 
to a more favourable conclusion what they had most meritoriously begun under circumstances 
leu propitious ; my having arrived at different conclusions is probably more owing to the 
chance of my being ignorant of their methods when I began, and alighting by chance upon 
better; for had I known of their elegant apparatus at first, it is not improbable that I should 
have been satisfied to adopt what so much ingenuity had contrived, and so failed to extend the 
subject beyond the conclusions they had attained. 
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showing the error in defect = — — or — — of the whole theoretical velocity. 

Another example : 

Theoretical value (when isl and 2e*=(rS) c= 1*547 
Observed value c = 1*8, 

showing the error in defect =—£ of the whole theoretical velocity. 

Again, 

Theoretical value (when ft=7«04 and 2e=(r89)c=**0 
Observed value c=4*6, 

showing the error in defect = — £ of the whole theoretical velocity. 

I think it due to Mr. KeUand to say, that notwithstanding all the anxiety 
for success which naturally exists in the mind of one who has bestowed much 
time and talent on perfecting, as he has done, an elegant theory ; he has not 
yielded to the temptation of twisting his theory to exhibit some apparent ap- 
proximation to the facts, nor distorted the facts to make them appear to serve 
the theory, a proceeding not without precedent ; but he has candidly stated 
the discrepancy, and says, " my solution can only be regarded as an approx- 
imation, nor does it very accurately agree with observation." This is a can- 
dour which cannot be too highly valued, and can only be justly appreciated 
by those who have, as 1 have, after working at a favourite theory, it may be 
for months and years, found it necessary to abandon it, and make the sacri- 
fice for the sake of truth with readiness and candour. 

Mr. Airy has followed Mr. KeUand over the same ground, in an elaborate 
paper on waves in the * Encyclopedia Metropolitana,' published since the greater 
part of this Report was ready for the press. This paper I have long expected 
with much anxiety, in the hope that it would furnish a final solution of this 
difficult problem, or at least tend to reduce the number and extent of the un- 
happy discrepancies between the wave-prediction and the wave-phsenomena, 
a hope justified by the reputation and position of the author, as well as by 
the clear views and elegant processes which characterize some of his former 
papers. 

Mr. Airy has obtained for the velocity of a wave, an expression of a form 
closely resembling that which Mr. KeUand had previously obtained, viz. 

+=£.**-'-* [D0 

From the resemblance of this form of expression to the form previously 
given by Mr. KeUand, we are prepared for the conclusion that Mr. Airy has 
advanced in this direction Utile beyond his predecessor. And we accordingly 
find that a theory of the wave of the first order, accurately representing this 
characteristic phenomenon, is still wanting, a worthy object for the enterprise 
of a future wave-mathematician. 

I have already stated that I have found, that by introducing the element of 
the wave's height into Lagrange's formula, I get the expression 

and that I find it represent with great accuracy the characteristic velocity of 
the wave of the first order. As however Mr. Airy appears to intimate to 
his readers that his own formula is as close an approximation to my experi- 
ments as the nature of these experiments will # warrant, I have thought it ne- 
cessary to make a complete re-examination of my experiments, and to make a 
laborious comparison of the phenomena discussed after the best modern me* 

d2 
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thods employed in inductive philosophy ; the results of these discussions I have 
presented in a series of graphic representations, which will enable the reader 
at once to attain a sound conclusion on the question, whether the formula 
Mr. Airy has adopted, or that which I have always used, more truly repre- 
sents the phenomena. 

In the following table, £ represents the velocity of the wave of the first 
order as taken from my observations by Mr. Airy himself. I have placed 
beside these results of experiments, the number given in column F, by the 
formula which I use to represent them. In the next four columns are Mr. 
Airy's numbers, calculated by himself, according to four different formulae, 
which he appears here to have applied as a sort of tentative process for the 
purpose of selecting the one which should prove on trial least defective. I 
have next given five columns, which exhibit the results of comparing the phe- 
nomena of experiment with the results of the formulae. The first of these 
columns represents the defects of my formula, the others those of Mr. Airy V. 
The results of the first table are as follows : — 

The errors of Mr. Airy's first column amount to 2635 

The errors of Mr. Airy's second column amount to 1994 

The errors of Mr. Airy's third column amount to 1674 

The errors of Mr. Airy's fourth column amount to 1680 

The errors of mine amount to 406 

The greatest error of Mr. Airy's first column is 809 

The greatest error of Mr. Airy's second column is. . 690 

The greatest error of Mr. Airy's third column is . . 463 

The greatest error of Mr. Airy's fourth column is. . 575 

The greatest error of mine is 87 

The results of the second table are as follows : — 

The errors of Mr. Airy's first column amount to 6157 

The errors of Mr. Airy's second column amount to 3350 

The errors of Mr. Airy's third column amount to 3226 

The errors of Mr. Airy's fourth column amount to 2274 

The errors of mine amount to 447 

The greatest error of Mr. Airy's first column is. . . . 91 1 

The greatest error of Mr. Airy's second column is. . 689 

The greatest error of Mr. Airy's third column is . . 473 

The greatest error of Mr. Airy's fourth column is. . 480 

The greatest error of mine is 122 
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As taken 
from my ex- 
periments by 
Mr. Airy. 



Table VI. 
Small Waves. 

Column A is a mean height of wave crest 

„ B the selected examples from which A is taken. 

„ C the depth of the fluid in repose. 

„ D the height of the wave. 

„ £ the velocity of the wave observed. 

„ F the velocity of the wave as given by my formula. 

„ G the velocity of the wave as given by Mr. Airy's first formula. 

„ H the velocity of the wave as given by Mr. Airy's second formula. 

„ K the velocity of the wave as given by Mr. Airy's third formula. 

„ L the velocity of the wave as given by Mr. Airy's fourth formula. 

,, F' the difference between observation and my formula. 

„ G' the difference between observation and Mr. Airy's first formula. 

„ H' the difference between observation and Mr. Airy's second formula. 

„ K' the difference between observation and Mr. Airy's third formula. 

„ L' the difference between observation and Mr. Airy's fourth formula. 



A. 


B. 


c. 


D. 


E. 


F. |l 


0. 


H. 


K. 


L. 


1-075 


1-05 and 110 


1-000 


0-075 


1-670 


1-697 j 


1-629 


1-689 


1-803 


1-747 


13 


1-3 


1150 


0-150 


1-810 


1-867 ' 


1-744 


1-854 


2-057 


1-958 


317 


309—3-23 


2-963 


•207 


2-860 


2 915 1 


2-702 


2*795 


2-972 


2-885 


3 36 


3-32 and 3-40 


3-080 


•280 


2-960 


3-002 


2-747 


2-869 


3-099 


2-986 


416 


4-0 -4-31 


3-903 


•256 


3310 


3 340 


3-016 


3114 


3-300 


3-208 


5-34 


5-20-^5-5* 


5-068 


•252 


3*758 


3-784 ' 


3-303 


3-384 


8*540 


3-468 


652 


6 4—6-65 


6220 


•304 


4-094 


4 181 | 


3-495 


3579 


3-742 


3-662 


7-51 


7-42—7-7 


7040 


•474 


4-406 


4-488 ; 


3-597 


3-716 


3943 


3-881 



Differences. 



F*. 


C. 


H'. 


K'. 


V. 


+•027 
+•057 
+•055 
+•042 
+•030 
+•026 
+•087 
+•082 


- 041 

- -066 

- -158 

- -218 

- -294 

- -455 

- -599 

- -809 


+ -019 
+ -044 

- 065 

- -091 

- 196 

- -374 

- -515 

- -690 


+ 133 
+ -247 
+ 112 
+ 189 

- -010 

- -218 

- -352 

- -468 


+ 077 
+ 148 
+ -025 
+ 026 

- 102 

- -295 

- -482 

- -575 


+•406 


-2-635 


-1931 
+ -063 


-1-043 
+ -631 


-1-404 
+ -276 


-406 


-2-635 


1-994 


1-674 


1-680 



Excluding 5-21. 
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Table VII. 



Large Waves. 
Columns A, B, C, &c. correspond to those in Table VI. 



A. 


B. 


c. 


D. 


E. 


F. 


G. 


H. 


K. 


L. 


1-20 


120 


1-000 


0-200 


1-760 


1-794 


1-629 


1-785 


2-061 


1-928 


1-62 


1-62 


1300 


-320 


2060 


2-083 


1-858 


2-072 


2-446 


2-267 


219 


219 


1-900 


•290 


2-300 


2422 


2-217 


2-380 


2-677 


2-533 


3-38 


3-35-3 41 


2960 


•420 


3-010 


3-010 


2-701 


2-887 


3-225 


3*061 


3 55 


3-5 —3-61 


3-020 


•532 


3080 


3-085 


2-724 


2*954 


3-368 


3168 


3-83 


3-69—3-97 


3007 


•830 


3-252 


3-204 


2-719 


3-072 


3-677 


8-388 


4 53 


4-4 —4-75 


3*910 


•625 


3-505 


3-485 


3-018 


3-250 


3-671 


3467 


5 21 


521 


3-870 


1-340 


3-820 


3738 


3-007 


3-488 


4-293 


3911 


576 


561_£-8S 


5-070 


0-692 


3-970 


3-930 


3300 


3-518 


3-917 


3-723 


6-24 


6-15— 640 


5080 


1160 


4170 


4-090 


3-302 


3-659 


4-286 


3-985 


6-69 


6-69—7-20 


6-034 


0-823 


4-262 


4-234 


3-468 


3697 


4*117 


8-912 


7-83 


774-8-0 


6-946 


0-884 


4-497 


4-582 


3-586 


8-808 


4216 


4-017 



Differences. 



F\ 


G*. 


H'. 


K'. 


I/. 


+ 034 


- 131 


+ 025 


+ -301 


+ 168 


+•023 


- -202 


+ -012 


+ -386 


+ -207 


+ 122 


- -083 


+ -080 


+ -377 


+ -233 


+-00 


- -309 


- 123 


+ -215 


+ -051 


+ 005 


- -856 


- -126 


+ -288 


+ -088 


-•048 


- -533 


- 180 


+ -425 


+ 136 


-■020 


- -487 


- -255 


+ 166 


- -038 


-082 


- -818 


- -332 


+ -473 


+ 091 


-•040 


- -670 


- -452 


- -053 


- -247 


-•080 


- '368 


- -511 


+ 116 


- 185 


-•028 


- -794 


- -565 


- 145 


- -350 


+•085 


- -911 


- -689 


- -281 


- -480 


-•298 


-6157 


-3-233 


+2-747 


+ -974 


+•269 




+ 117 


- -479 


-1-300 


•567 


6157 


3-350 


3-226 


2274 



The conclusion which Mr. Airy deduces from this comparison is somewhat 
surprising, " we think ourselves fully entitled to conclude from these experi- 
ments that the theory (Mr. Airy's) is entirely supported"! This conclusion 
being so completely the opposite of that to which we should be led on the 
same grounds, it has appeared necessary to make a still more complete re- 
examination and discussion of all the experiments in our possession, to see 
whether from any or the whole of them there should appear to be any ground 
for a conclusion so contrary to the apparent phenomena. 

I have, therefore, directed the whole of the experiments to be re-discussed*. 

* For the accuracy and good faith with which these discussions were all conducted, I am 
indebted to my valued assistant Mr. I. Carrie. 
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They are graphically represented in the diagrams on Plates II. and III., 
which, and the description, the reader is requested to examine carefully. 
The result of the whole is, that there is an irresistible body of evidence 
in favour of the conclusion that Mr. Airy's formulae do not present anything 
like even a plausible representation of the velocity of the wave of the first 
order, and that the formula I have adopted does as accurately represent them 
as the inevitable imperfections of all observations will admit It is deeply 
to be deplored that the methods of investigation employed with so much 
knowledge, and applied with so much tact and dexterity, should not have led 
him to a better result 
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Table VIII. 
Re-discussion of the Observations by the Method of Curves. 

The observations of height and time were laid down on paper, as shown in 
Plate III. (see description), each star representing an individual obser- 
vation of height or time. The curves being drawn through among the ob- 
servations, were taken to represent the corrected observations, and the velocity 
was then deduced from the corrected observation of time and height The 
table consists of results of this process. 

Column A gives the corrected depth in inches (h + k) of my formula. 

Column B gives the corrected time in seconds employed in describing 
40 feet 

Column C gives the derived velocity of the wave. 

Column D gives the characteristic number of the individual wave as ob- 
served (see former Report). 

These results are compared with my formula in Plate III. 



A. 


B. 


c. 


D. 


A. 


B. 


c. 


D. 


A. 


B. 


C. 


D. 


A. 


B. 


c. 


D. 


3 20 
320 
3 20 
3-21 
322 
324 
327 
330 
335 
3-40 
345 
3*53 
3 CI 
372 
3-84 
3-97 

3-97 
400 
403 
407 
412 
417 
4-22 
4-28 
434 
442 
4-49 


14-0 
139 
137 
13 6 
13 5 
13-4 
133 
132 
13-1 
130 
12 9 
12-8 
127 
12-6 
12-5 
124 

12-5 
123 
121 
120 
11-9 
11-9 
11-8 
11-8 
11-7 
117 
l\'6 


ft. 

2-85 

2-87 

2 92 
294 
2-96 
2-98 
300 
303 
305 
307 
310 
312 
315 
317 
320 
3-22 

3 20 
3 25 
3-30 
3 33 
3-36 
336 
339 
3 39 
341 
341 
3 44 


91 


4-24 
4 30 
4*36 
4 43 


s. 

118 
117 
117 
117 


ft. 

339 

3-41 

3-41 

3-41 


CO 


5-07 


li-0 


ft. 
3-63 


90 


6 41 
6 42 
6 44 
6 46 
6-48 
6 51 
6 54 
657 
6-60 
6-63 
6*68 
6.73 
678 
683 
6-89 
6-95 
702 
719 


9-8 
9-8 
97 
97 
97 
97 
9-6 
9-6 
9-5 
9-5 
95 
95 
94 
9-4 
94 
9-4 
9-4 
9-3 


ft. 

4-06 

408 

412 

412 

412 

412 

416 

416 

4-21 

4 21 

4-21 

4 21 

4-25 

4 25 

425 

4 25 

4-25 

4-30 


S 


518 

518 

519 

5-20 

5-21 

5-22 

523 

5-25 

5-27 

5 29 

531 

533 

5-35 

538 

5 41 

5 44 

5-48 

552 

557 

5-63 

570 

578 

5-87 

5-97 

610 

62 

629 

637 

6-43 


110 
109 
10-9 
10-9 
108 
10 8 
108 
10-7 
10-7 
107 
107 
10 6 
106 
10-5 
105 
104 
10-4 
103 
10-3 
10 2 
102 
10-15 
101 
100 
100 
100 
995 
99 
9-8 


3-63 

3-66 

3-66 

3-66 

370 

370 

370 

373 

373 

3-73 

373 

377 

377 

3 81 

3 81 

3*84 

3-84 

3-88 

3-88 

392 

3-92 

3 94 

3-96 

40 

40 

40 

402 

404 

408 


3 


405 

4-06 
408 
410 
412 
414 
417 
4-20 
423 
427 
4-32 
436 
4 42 
4-48 


123 
12-2 
122 
121 
120 
120 
11-9 
11-9 
114 
11-8 
118 
117 
117 
116 


3-25 
327 
3-27 
3-30 
333 
333 
3-36 
336 
336 
3 39 
339 
341 
3 41 
3 44 




670 
6 81 
6-95 
710 
7-30 
752 
7-66 


916 

95 

9-4 

93 

9-2 

91 

90 


416 
421 
425 
430 
4-34 
4-39 
4 44 


3* 


4-26 
4-28 
4-30 
4 32 
4 35 
438 
4-42 
4-46 
4 51 
4-57 
4-63 
470 
477 
4-8" 
4-95 


122 
121 
120 
11-9 
11-8 
117 
116 
11-5 
115 
114 
11-4 
113 
112 
11-2 
1M 


3-27 

330 
3*33 
336 
3-39 
3 41 
3 44 
3-47 
347 
3-50 
354 
3 54 
357 
3-57 
360 


00 


671 
679 
692 
7-20 
754 
775 
7-82 


9-4 
93 
9-2 
91 
90 
8-9 
8-8 


4 25 
430 
4 34 
4 39 
444 
449 
4-54 


CO 

1 


4-04 
406 
4-08 
411 
415 
4 20 


12 2 
121 
12 
119 
11-8 
118 


327 
3-30 
333 
3 36 
3 39 
339 


CQ 


6-38 
639 
640 


9-95 

99 

9-8 


402 
404 
408 
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Table IX. 

Velocity due to a Wave of the First Order, 
Obtained from the re -discussion of the experiments as described above. 

Column A gives the depth in inches reckoned from the wave crest 

Column B gives the observed time of describing 40 feet, * the observations 
thus marked being over half that space. 

Column C gives the observed velocity. 

Column D is a reference to the ordinal number of the wave observed. 

The close approximation of these velocities of observation with the num- 
bers of the formula, proves at once the accuracy of the one and the truth of 
the other. 



A. 


B. 


c. 


D. 


A. 


B. 


C. 


D. 


A. 


B. 


C. 


D. 


A. 


B. 


C. 


D. 




«. 


ft. 






». 


ft 






«. 


ft. 






». 


ft. 




1-5 10*1* 


1-98 


35 


4-0 


12 5 


320 


3 


45 


115 


347 


15 


55 


10-5 


3-80 46 


20 


8-7* 


230 


36 


40 


11-8 


3-39 


25 


4-5 


120 


333 


17 


6<) 


9-9 


4-04 


43 


2-5 


7-2* 


2-77 


36 


4-0 


6-0* 


3-33 


37 


4-5 


11-7 


3-42 


19 


6K> 


10-0 


4-0 


45 


25 


8-4* 


2-38 


35 


4-0 


61* 


3-27 


38 


4-5 


12 3 3-25 


23 


60 


10-0 


4-0 


46 


30 


7-5* 


266 


40 


4-0 


60* 


3 33 


39 


50 


111 3 60 


8 


65 


9-5 


4-21 


46 


3-0 


7-4* 


2-70 


41 


40 


6-2* 


3 22 


40 


50 


114 


3-50 9 and 10 


6-5 


9-8 


408 


49 


35 


13-7 


2 92 


25 


45 


115 


3-47 


1 


50 


10-9 


3-67 


15 


6-5 


9-7 


412 


50 


3-5 


12-8 


312 


26 


45 


11-6 


3-45 


2 


50 


10-7 


3-78 


17 


7-0 


9-3 


43 


46 


3-5 


6-4* 


312 


37 


4-5 


12-0 


333 


4 


50 


10-9 


3-67 


19 


7-5 


92 


4 35 


53 


35 


6-2* 


3-22 


38 


45 


11-8 


339 


5 


5-0 


112 


357 


22 


75 


9-0 


4-44 


55 


3-5 


6-5* 


3-07 


40 


45 


114 


3-50 


6 


50 


111 


360 


23 


8-0 


89 


4-49 


51 


35 


6-5* 


3-07 


41 


4-5 


115 


347 


7 


5-5 


11-0 


3-63 


9 and 10 


8-0 


8-7 


46 


52 


35 


12-8 


312 


42 


4-5 


115 


3-47 


8 


5-5 


10-6 


3-77 


43 


8-0 


8-6 


4-65 


54 


40 


12-3 


3-25 


2 


4-5 


11-5 


3-47 


13 


5-5 


10-3 


3-88 


45 


80 


8-9 


4-49 


55 



The Magnitude and Form of the Wave of the First Order. — This is one of 
the subjects to which, since the date of the former Report, I have devoted a 
good deal of attention. The exact determination of the dimensions and 
form of the wave, although at first sight it may seem simple enough, is not 
without peculiar difficulties. When it is observed that the two extremities 
of the wave are vertices of curves of very small curvature tangent to the 
plane of repose, it will be understood how difficult it is to detect the place of 
contact with precision. A variety of methods have been tried : reflexion of 
an image from the surface, tangent points applied to the surface so as to be 
observed simultaneously at both ends of the wave, and the self-registration 
of a float moved by the wave have all been tried with various success. On 
the whole, however, the most perfect observations have been obtained by a 
very simple autographic method, in which it was contrived that the wave 
should leave its own outline delineated on the surface without the interven- 
tion of any mechanism*. The method was simply this : a dry smooth surface 
was placed over the surface of the water in the channel, with such arrange- 
ments that it could be moved along with the velocity of transmission of the 
wave, and at the instant of observation it was pushed vertically down on the 
wave, and raised out again without sensibly disturbing the water ; the sur- 
face when brought out, brought with it a moist outline of the wave, which 
was immediately traced by pencil, and afterwards transferred to paper. 1 
have given a few of these autographic types of the wave in Plates IV. and V. f 
the engravings being precise copies of the lines as drawn by the wave itself. 

* 1 find that I am not the first person who employed an apparatus of this sort. MM. 
Webers employed a powdered surface to register the form of agitated mercury, the fluid 
rubbing off the powder. 

£ 
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Another method of obtaining an autographic representation of waves of 
the first order was this. Two waves were generated at opposite ends of the 
same channel at given instants of time, so that by calculating their velocities 
they should both reach a given spot at the same instant; here a prepared sur- 
face was placed, and as one passed over the other it left a beautiful outline 
of the excess in height of each point of one wave above the summit height 
of the other. These forms are not identical with those of the same wave 
moving along a plane surface, but as true registers of actual phenomena they 
are interesting. 

The results of all my observations on this subject are as follows : — 

That the wave of the first order has a definite form and magnitude as 
much characteristic of it as the uniform velocity with which it moves, and 
depending like that velocity only on the depth of the fluid and the height of 
the wave crest. 

That this wave-form has its surface wholly raised above the level of repose 
of the fluid. This is what I mean to express by calling this wave wholly po- 
sitive. I apply the word negative to another kind of wave whose surface ex- 
hibits a depression below the surface of repose. The wave-proper of the first 
order is wholly positive. 

The simple elementary wave of the first order assumes a definite length 
equal to about six times the depth of the fluid below the plane of repose. 
When the height of the wave is small the length does not sensibly differ from 
that of the circumference of a circle whose radius is the depth of the fluid ; 
or h being the depth of the fluid in repose, the length of the wave is repre- 
sented by the quantity 2vh, * being the number 3*14159, we may use this 
notation, 

A=2*A E. 

The length, therefore, increases with the depth of the fluid directly, being 
equal to about 6*28 times the depth. The length does not, like the velocity 
of the wave, increase with the height of the wave in a given depth of fluid. 
On the contrary, the length appears to diminish as the height of the wave is 
increased, and the length of the wave when thus corrected is 

A=2irA-a . . . . F. 
the value of a will be afterwards examined. 

The form of the wave surfaee when not large is a surface of single curva- 
ture, the curvature being in the longitudinal and vertical planes alone, and 
the curve is the curve of sines, or rather of versed sines, the horizontal ordi- 
nates of which vary as the arc and the vertical ordinates, as the versines of a 
circle whose radius is the depth of the fluid in repose, 2th being the length 

of the wave, and — an arc of that circle =0. We have for the equation of 
m n 

the wave curve, ,„ 

y=£A. versin . . . . G. 

the height of the wave being denoted by h, reckoned above the plane of re- 
pose of the surface of the fluid. 

The height of the wave above the surface of the water in repose may in- 
crease till it be equal to the depth of the fluid in repose. When it approaches 
this height it becomes acuminate, finally cusped, and falls over breaking and 
foaming with a white crest. The limits of the wave height are, therefore, 

*=0, and*=A . . . K. 
that is to say, the height of the wave may increase from to A, but can never 
exceed a height above the level of repose equal to the depth of the fluid in 
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repose; that is, the height total reckoned from the bottom is never greater than 
twice the depth of the fluid in repose. 

T7ie absolute Motions of each Water- Particle during Wave- Transmission. 
— This is one of the subjects on which, prior to last Report, I had not made 
a sufficient number of observations to enable me to make a full report The 
methods. I had employed for such observations as I had then already made, 
were the observation of the motions of small particles visible in the water of 
the same, or nearly the same specific gravity with water, or small globules of 
wax connected to very slender stems, so as to float at required depths. The 
motions of these were observed from above, on a minutely divided surface on 
the bottom of the channel, and from the side through glass windows, them- 
selves accurately graduated, the side of the channel opposite to the window 
being covered with lines at distances precisely equal to those on the window 
and similarly situated. These methods are the only methods of observation 
I have found it useful to employ, but I have now increased the number and 
variety of the observations sufficiently to enable me to adduce the conclusions 
hereinafter following, as representing the phenomena as far as their nature 
will admit of accurate observation. 

It is characteristic of waves that the apparent motion visible on the surface 
of the water is of one species, while the absolute motion of the individual par- 
ticles of the water is very different In reference to all the species of waves 
this is true, both as regards the velocity and nature of the motion ; nevertheless 
the one is the immediate cause or consequence of the other. In the case of 
the wave of the first order, the visible motion of the wave form along the sur- 
face of the water may be called the motion of transmission, the actual motion 
of the particles themselves is to be distinguished as the motion of translation. 

We infer the motions of the individual wave particles from those of visible 
small bodies floating in the water; any minute particle floating on the surface 
will sufficiently indicate the motion of the water particles about it, and the 
motion of deeper particles may be conveniently observed^ in the case of waves 
of the first order, by using the little globules of wax already mentioned ; 
these small globules may be so made as to float permanently at any given 
depth, yet they will be visibly affected by very minute forces. 

In this way the following observations were made : 

Absolute Motion of Translation. — The phenomenon of translation charac- 
teristic of the wave of the first order, and which we have used as its distin- 
guishing appellation, is to be observed as follows. Floating globules, as 
already described, being placed in the fluid, and their positions being noted 
with reference to the sides and bottom of the channel, let a wave of the first 
order be transmitted along the fluid ; it is found that the effect of this trans- 
mission is to lift each of the floating particles, and similarly, therefore, the 
water particles themselves, out of their positions, and to transfer them perma- 
nently forward to new positions in the channel, and in these new positions 
the particles are left perfectly at rest, as in their original places in the channel. 

The measure or range of translation is just equal to that which would re- 
sult from increasing the column of water in the channel behind the wave by 
a given quantity, and diminishing the column anterior to the particles by the 
same quantity, that quantity being equal to the volume of the wave. That 
is to say, the range of translation is simply equal to. the space in length of the 
channel which the volume of the wave would occupy on the level of the water 
in repose. 

The total effect of having transmitted a wave of the first order along a 
channel, is to have moved successively every particle in the whole channel 
forward, through a space equal to the volume of the wave divided by the 
water-way of the channel. 

e2 
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Parallelism of Translation* — If the floating spherules before mentioned be 
arranged in repose in one vertical plane at right angles to the direction of 
transmission, and carefully observed during transmission, it will be noticed 
that the particles remain in the same plane during transmission and repose 
in the same place after transmission. 

It is further found, as might be anticipated from the foregoing observa- 
tions, that a thin solid plane transverse to the direction of transmission, and 
so poised as to float in that position, does not sensibly interfere with the 
motion of translation or of transmission. 

The Range of Horizontal Translation is equal at all Depths. — Vertical ex- 
cursions are performed by each particle of fluid simultaneously with the hori- 
zontal translation. These diminish in extent with the distance from the 
bottom when they become zero. 

The Path of each Water Particle during Translation lies wholly in a Ver- 
tical Plane, — It may be observed by means of the glass windows already 
mentioned, its surface being graduated for purposes of measurement. The 
path is so rapidly described that I do not think any measurements of time 
which I have made, nor even of paths is minutely correct. The following 
observations are such as a practised eye with long experience and much pains 
has made out. 

When a wave of the first order in transmission makes a transit over float- 
ing particles in a given transverse plane, the observations are as follows. 
All the particles begin to rise, scarcely advancing; they next advance as 
well as rise ; they cease to rise but continue advancing ; they are retarded 
and come to rest, descending to their original level. The path appears to be 
an ellipse whose major axis is horizontal and equal to the range of translation ; 
the semi-minor axis of the elliptic path is equal to the height of the wave near 
the surface, and diminishes directly with the depth. 

The results of these observations are, therefore, as follows : — representing 
by b the breadth of the channel, by h the depth of the fluid, by a the range 
of translation, and by v the volume of water employed in forming the waves ; 
we have for every particle throughout the breadth and depth of the fluid 

•-S ^ 

which everywhere measures the horizontal ranee of translation. 

The range of vertical motion of each particle at the surface during trans- 
lation being everywhere 

y=* (M.) 

we have for the vertical range y 9 of any other particle at a depth h 1 below 
the surface, 

y'=j-* (N.) 

being directly as the height of the particle in repose above the bottom of the 
channel. 

Also throughout the whole period of translation we have the height of a 
particle of the surface above its place of repose represented by 

y=i*versin0 (O.) 

and the height of any other particle in the same vertical plane at the same 
place represented by 

y=|^*versin0 .... (P.) 
h 

The whole of these results are united in the following Table of wave phaeno- 
mena* 
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Table X. 

Phenomena of Wave of the First Order. 

Let c be the velocity of wave transmission; 
A the depth of fluid in repose ; 
A the height of wave-crest above surface of repose ; 
b breadth of channel ; 

v the volume of fluid constituting the wave ; 
g the measure of gravity ; 
a the horizontal range of translation ; 
X the wave length or amplitude ; 

9-. 

6 an arc — , m being an arbitrary number ; 
m 

\Jf the arc whose sine = ± versed sine of ; 
v the number 8*1416; 

r 1 the circumference of an ellipse whose axes are given ; 
z and y horizontal and vertical ordinates of wave-curve ; 
x' and y f horizontal and vertical ordinates of translation«path ; 
h! the height of a particle in repose, above the bottom of the channel* 
Then we have 
(1.) For velocity of wave transmission, 

c=Vjtfh+k) B. 

= */gh nearly, when A is small .A. 

(2.) For the wave length, 

A=2irA— a • ••• '• • • F. 

=2tA nearly, when A is small £. 

(3.) For the range of translation, 

«=£ always 

= *A when A is small, = 2 A nearly when A is large L. 

(4.) For the wave form, 

ar=A0— x'=sA0, when A is small 

y=|A. versin G' 

(5.) For the path of translation, 

a?=a versin ^ 1 n , 

y=i* versin J u ' 

A'A 

and below the surface at A', y^—. versin P. 

zA 

(6.) The limits of the value of A are as follows : — 

Inferior limit A=0, and A=sA superior limit K. 

(7*) The range of vertical motion of a particle during translation being 
y=k at the surface ; the range of vertical motion of any other particle at the 
height A above the bottom is 

Hr* N ' 

Geometrical Representation of the Wave of the First Order,— These data 
enable to approximate to the exact conception of the motions of the wave 
particles, and the relations which the wave form and the particle path bear to 
each other* We may thus construct a geometrical representation of the wave 
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motion, which, however, is to be carefully distinguished from a physical de- 
termination of its phenomena. 

Let us then endeavour to follow the motion of a given particle on the sur- 
face of the fluid during the wave form transmission. 

Let us take D £ for the depth of the fluid. (Plate VI. fig. 3.) 

Let us take C D for the height of the wave. 

Let us mark off d D d 1 = the circumference of the circle of which D £ is 
the radius = 6'2832 X D E. Let also semicircles be described on c d and on 
c 1 d! each equal to C D. Let the semicircles cd and c' d and the distances 
d D and D d 1 be divided into the same number of equal parts. Let there be 
drawn through each division of the circles horizontal lines, and through each 
division of the wave lengths let there be drawn perpendiculars, meeting suc- 
cessively the horizontal lines in 9, 8, 7, 6, 5, 4, 3, 2, 1, — these will be points 
in the curve of versed sines, that is of the (approximate) form of the wave. If, 
therefore, we conceive the wave-form to move horizontally and uniformly 
along the line dT>d\ and at the same time a particle of water on the surface 
to rise successively to the heights 1 , 2, 3, 4, 5, and fall vertically to 6, 7, 8, 9, 
on the diameters cd and c* d' 9 then the place of the particle will always coin- 
cide with the wave curve. 

This is the same form (only wholly positive) which Laplace assigns to the 
tide wave in the * Mecanique Celeste,' torn. iii. liv. iv. chap. iii. Art. 17. " Con- 
cevons Un cercle vertical, dont la circonference en partant du point le plus bas, 
expriment les temps 6coul€s depuis la basse ; les sinus verses de ces arcs, 
seront les hauteurs de la mer, qui correspondent a ces temps." Or as he says 
elsewhere, " A in si, la mer en s'&levant, baigne en temps egal, des arcs 6gaux 
de cette circonference." So if we imagine a circular disc placed vertically so 
as to touch the surface of the water in repose, the passing wave will in suc- 
cessive equal times cover equal successive arcs of the circumference. 

The wave is of this form when its height is small, and the deviation in- 
creases with the increase of height 

Vertical Motion of each Particle. — No more then is necessary to the exhibi- 
tion of the wave curve than that every particle of the surface of the water 
should be made to rise and fall successively, according to the increase and 
decrease of the versed sines of the circle of height. Let us follow the mo- 
tion of a single particle. Draw c' d! a vertical diameter of the wave circle, 
suppose C efg h cf the successive places of the wave crest in successive equal 
intervals of time, 1, 2, 3, 4, 5, 6, 7, 8, 9, successive versed sines on cd and 
c' d! of equal arcs of the wave circle. When the wave centre is at C, the 
particle is at d. When the wave centre is at e, the particle has risen to 1. 
When the wave centre has reached/, the water particle has risen to 2. When 
the wave has advanced to a h c', &c, the water particle has risen to 3, 4, 5, 
&c ; and if every successive particle along the surface be conceived to per- 
form successively a similar series of vertical motions, the surface of the water 
will present to the eve the visible moving wave form. Such is the simplest 
geometrical mode of exhibiting to the eye and of conceiving wave motion of 
the first order ; it approximately represents the form of a wave of the first 
order whose height is small. 

Horizontal Motion of each Particle. — This mode of representing the wave 
motion is inaccurate, in so far as it does not take account of the horizontal 
motion, which must of necessity accompany the vertical elevation of the water. 
Water being an inelastic fluid, any vertical column of the liquid can only 
have its length increased by a diminution of its horizontal dimension. It is 
necessary, therefore, to represent or. conceive this horizontal motion as well 
as the vertical motion. 
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The horizontal range of motion of the wave is necessarily determined by 
the volume of the wave. The water which forms the wave is added to the 
given volume in which the wave is formed, at its posterior extremity, and 
thence displaces a new volume of water which goes to displace the volume 
of the wave in the next portion of the channel. Thus the volume of water 
which occupied the space A' B' b d before the transit of the wave (see Plate 
VI. fig. 4), occupies only the length A B b d during the wave transit, and it 
now consists of the rectangle AB bd, together with the volume of the wave 
A C d> which volume is equal to the volume A B B' A' by which it is re- 
placed ; and this happens successively in every point of the fluid. The hori- 
zontal range of motion is thus equal to the volume of water employed to form 
the wave. 

While, therefore, the front of the wave is transmitted from A' to d, the 
water particle A' is transferred to A. The same particle is also raised and de- 
pressed through the height of the wave. These motions in the vertical and 
horizontal plane are simultaneous. It is required to represent accurately 
these motions : take e d = the height of the wave, AA' = the range of trans- 
lation : describe an ellipse whose major axis is the range of translation, and 
whose semi-minor axis is the height of the wave : describe the wave circle 
rfl, 2, 3, 4, c y and having divided as formerly its circumference into equal 
parte, draw the horizontal ordinates 11, 22, 33, 44, &c as in fig. 3, and let 
the curve of versed sines A'C'rf be drawn as in fig. 3, then will the curve 
A' 8, 7, 6, C 4, 3, 2, 1 , d\ represent the wave curve, the vertical motion only 
being considered. But at the same time that the particle rises and falls through 
1, 2, 3, 4, 5, 6, 7, 8, 9, 10 on the diameter c d 9 and in the curve of versed 
sines, the particle A' will advance to A, through A' 1, 2, 3, 4, 5, 6, 7, 8, 9, A. 
Thus every point in the curve will have to be advanced forward in the direc- 
tion of translation in order to represent the actual form of the wave. This is 
done in fig. 4, and also for a larger wave in fig. 5. While the wave rises to 
I, 2, 3, 4, C, &c«, it also advances simultaneously at each point by the quan- 
tity A' 1, A' 2, A' 3, A' 4, A' 5, A' 6, A' 7, &c and thus the wave A' C d be- 
comes transformed in both figures into A C d\ This curve represents the 
form of the wave as corrected for the horizontal translation. Thus are re- 
conciled to each other the apparently diverse motions of the particle, by one 
of which it describes the observed sinuous wave surface, and by the other 
the semiellipse of its path of translation. 

Finally, as the motions of translation are equal and simultaneous through- 
out all particles situated in the same vertical line, the path of translation of 
each particle is an ellipse having the same major axis with that of the particle 
on the surface, but having its minor axis less in proportion to its distance 
from the surface of the liquid in repose. (See Plate I. fig. 5.) 

Hence, when the wave is not large, the amplitude of the particle path or 
range of translation is 3*1416 times the height of the wave; this quantity 
gradually diminishes as the height increases, and becomes nearly 2* when the 
height approaches the limit of equality with the height of the wave. But 
near this limit it is not capable of accurate observation. 

Mechanism of the Wave. — The study of the phenomena of the translation 
of water particles during the transit of a wave is peculiarly valuable, as 
affording us the means of correctly conceiving the real nature of wave trans- 
' mission of the first order ; it therefore deserves great attention. 

We perceive, in the first place, that the vertical arrangement of the water 
particles is not deranged by wave transmission ; that is, if we conceive the 
whole fluid in repose to be intersected by transverse vertical planes, thin, and 
of the specific gravity of water, these planes will retain their parallelism 
during transmission and will dot affect that transmission. 
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We may therefore accurately conceive the whole volume of water as re- 
posing in rectangular vessels, each of them formed between two successive 
vertical thin moveable planes, and bounded by the two sides and bottom of 
the channel, and above by the plane of repose. The water in each of these 
elementary vessels undergoes in successive instances the same change as each 
of the others preceding it, and therefore we may direct our attention to one 
individual among them. 

Let us study the manner in which wave motion is originally communicated 
to and through each of these elementary columns of fluid. 

For this purpose it may be well to recur to the original mode of wave 

genesis (Plate I. fig. 5.). A vertical genera ting plane P is inserted in the 
uid, and forms one of the vertical boundaries of one of the elementary water 

columns. J* ^ jj f g & fy ^ &c. A moving force is applied 

to P, and the plane communicates to the water column „ that pressure ; now 
this water column is bounded on its anterior surface by a similar vertical plane 
(of water particles) » in a state of rest, and the effect of this pressure is two- 
fold, to raise the water column above the level to the height due to the velo- 
city of P, and to diminish the breadth of the eolumn in proportion to the in- 
crease of length. Such is the immediate effect of pressure on the plane P. 

Let us now consider the second (water) plane n ; it has now behind it a co- 
lumn of water pressing it forward with a velocity due to its height above the 
level of repose : it is therefore pressed forward, d tergo, just as the plane 
P originally was pressed forward, only its moving force is measured by the 

pressure of the column n with a given height above the plane of repose. In 

all respects the water column g is now in the condition which in the pre- 

ab ah 

vious moment we found the column *. Let us now return to a which is 

ap ap 

pressed by the plane P with a pressure not only equal to that which raised it 
to its former height, but with an accelerating force which raises it still higher, 
and communicates to it a velocity due to that greater height, and also dimi- 
nishes its breadth in proportion to the increment in height. This new height 

in the column * is a new increment of pressure on the vertical water plane 

0, which in its turn presses the water column q in the same manner, with a 

pressure due to the new height of the water column n 9 raises its height to that 
due to this pressure, and gives it a corresponding velocity. The third water 
column * is now in similar circumstances to those of its predecessor ~ at 

the preceding instant of time, and is pressed by the plane with a force due 

to the height of g , and the plane * now moves forward, raises the height of 

k, and diminishes proportionally its breadth. The same process continues 

during the acceleration of the original plane P until it ceases to be further 
accelerated, and now the whole anterior half of the wave has been generated, 
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and the column * is moving with the velocity due to its elevation above the 

level, or the height due to the crest of the wave, having passed successively 
through each of the successive conditions of the columns before it The 
force acting on P, a teryo, is now to be diminished ; the pressure back upon 

its surface, arising from the height of g, tends to retard the motion of P, 

and as the accelerating force ia diminished the retardation increases, the 

whole action of the column n being continually to retard the plane P ; and 

if the diminution of force take place in the same succession as the original 
increments, the diminution of the velocity of P will take place in a manner 
similar to that of its original increase, and it will finally be brought to rest 

when the column n has regained its level. 

The same succession of conditions takes place in the plane which separates 
any two successive elementary columns ; first of all the posterior surface of the 
plane is pressed by a higher column than itself, tending to increase its height 
and increased volocity, and having reached the maximum, the anterior surface 
is thereafter pressed by a water column of greater height than the posterior 
surface, retarding its velocity, and finally bringing it into a state of rest. 
Thus the forces and motion of each elementary plane are repetitions of the 
forces and motions of the original disturbing plane by which the wave was 
generated. 

The power employed in wave genesis is therefore expended in raising to 
a height equal to the crest of the wave, each successive water column ; each 
water column, again descending, gives out that measure of power to the next 
in succession, which it thus raises to its own height. The time employed in 
raising a given column to this height, and in its descent and communication 
of its own motion to the next in succession, constitutes the period of a wave, 
and the number of such columns undergoing different stages of the process at 
the same time measures the length of a wave. 

. During the anterior half of the wave the following processes take place. 
The generating force communicates to the adjacent column through ita pos- 
terior bounding plane, a pressure ; this pressure moves the posterior plane 
forward, the water in the column is thereby raised to the height due to the 
velocity, and the pressure of this water column communicates to the anterior 
bounding plane also a velocity and a pressure in the same direction ; there- 
fore the accelerating force produces a given motion of - translation in the 
whole column a height of column due to that velocity, and an approximation 
of the anterior forces of the column to each other ; these are all the forces 
and the motions concerned in the matter. The motive power thus stored 
during the anterior half of the wave is restored in the latter half wave length 
thus : the column raised to its greatest height presses on both its posterior 
and anterior surface, on the anterior surface it presses forward the anterior 
column, tending to sustain its velocity and maintain its height ; on the poste- 
rior column its pressure tends to oppose the progress and retard the velocity 
of the fluid in motion, and thus retarding the posterior and accelerating the 
anterior surface, widens the space between its own bounding planes until it 
repose once more on the original level. 

The Wave a Vehicle of Power. — The wave is thus a receptacle of moving 
power, of the power required to raise a given volume of water from its place 
in the channel to its place in the wave, and is ready to transmit that power 
through any distance along that channel with great velocity, and to replace it 
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at the end of its path. In doing this, the motion of the water is simple and 
easily understood, each column is diminished in horizontal dimension and 
increased proportionally in vertical dimension, and again suffered to regain its 
original shape by the action of gravity. There is no transference of indivi- 
dual particles through, between and amongst one another, so as to produce 
collisions, or any other motions which impair moving force ; the particles 
simply glide for the moment over each other into a new arrangement, and 
retire back to their places. Thus the wave resembles that which we may 
conceive to pass along an elastic column, each slice of which is squeezed into 
a thinner slice, and restored by its elastic force to its original bulk, only in 
the water wave the force which restores the force of each water column is 
gravity, not elasticity. 

To conceive accurately of the forces which operate in wave transmission, 
and of the modus operandi, to understand how the primary moving force 
acts on the column of fluid in repose, how this force is distributed among 
the particles, to distinguish the relative and absolute motions of the particles 
and the nature of the transmission of the form, and to understand how the 
force operates in at once propagating itself and restoring completely to rest 
those particles which form the vehicle of its transmission, is a study of much 
interest to the philosopher. To show how under a given form and outline of 
wave, in a given time, all and each of the individual particles of water obey- 
ing every one its own impulse and that of those around it, and subject to 
the laws of gravity and of the original impulse, shall describe its own path 
without interfering with another's, and shall unite in the production of an ag- 
gregate motion consistent with the continuity of the mass and with the laws of 
fluid pressure, — this is a problem which belongs to the mathematician, which 
has hitherto proved too arduous for the human intellect, and which we have 
thus endeavoured to facilitate and promote by the study of the absolute forms 
and phenomena of the waves themselves, and by the determination of the 
actual paths and motions of the individual particles of water. 

The Negative Wave of the First Order. — The negative wave is a pheno- 
menon whose place among waves it is somewhat difficult to assign. Its phe- 
nomena partake of those of the first order. But in its genesis and propagation 
it is always attended by a train of following phenomena of the second order. 

The genesis of the negative wave of the first order is effected under condi- 
tions precisely the reverse of those of the positive wave. A solid body, Qg Q 9 
(Plate VI. figs. 7, 8), is withdrawn from the water of the reservoir at one ex- 
tremity, a cavity is created, and this cavity, W„ is propagated along the sur- 
face of the water under a defined figure. 

The velocity of the negative wave in a shallow ehannel is nearly that which 
is due to the depth calculated from the lowest part of the wave (as in the 
positive from the highest), but in longer waves it is sensibly less than that 
velocity. In Plate II. fig. 5 the observations are compared with this for- 
mula, from which they exhibit considerable deviations. Table XI. is a 
collection of negative waves observed in a small rectangular channel* and 
Table XII. contains others made in a triangular channel, both being made 
under the same conditions as the positive waves already given. 
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Table XI. 

Observations on the Velocity of Negative Waves of the First Order.— In a 
rectangular channel 12 inches wide. 

Col. A is the depth of the fluid reckoned in inches from the lowest point 
of the wave. 

Col. B is the depth of the wave reckoned below the surface of repose. 

Col. C is the number of seconds observed while the wave described the 
space given in column D in feet 

Col. E is the resulting velocity. 

Col. F gives th e velocities due to the depth, calculated by the formul 
c= </ g (h-h). 

Col. G are the differences between observation and the formula. 



A. 


B. 


c. 


D. 


£. 


P. 


o. 


915 


-•085 


90 


14*62 


1-62 


1-56 


- -06 


•925 


-•075 


95 


14-62 


1-53 


1-57 


+ -04 


•93 


-■07 


16 5 


21-08 


1-27 


1-58 


+ •31 


•935 


-•065 


12-0 


20-0 


1-6T 


1-58 


- -08 


-96 


-•04 


14-5 


20-0 


1-38 


160 


+ -22 


•965 


-•035 


15-0 


2108 


140 


1-60 


+ -20 


•97 


-•03 


14-0 


20-5 


1-46 


1-61 


+ •15 


10 










163 




20 










231 




3-0 










2-83 




3*3 


-•8 


55 


14-62 


2-65 


2-97 


+ -32 


34 


-•7 


6-0 


14-62 


2 43 


302 


+ -59 


3 495 


-•605 


80 


2108 


2 63 


3-08 


+ '45 


3-603 


-•497 


13 5 


4108 


304 


310 


+ -06 


3-71 


-•39 


6-5 


20-0 


307 


315 


+ -08 


3-745 


-•355 


7-0 


20-0 


2-85 


316 


+ '31 


3-77 


-•83 


10-83' 


38-3' 


3-07 


318 


+ •11 


4-0 










3-27 




4-365 


-•735 


4-25 


14-62 


3-44 


4-42 


- -02 


4-575 


—525 


6-0 


20-0 


&&? 


350 


+ 17 


4-6 


-•5 


6-25 


21-08 


3-37 


3-51 


+ '14 


4-625 


-•475 


75 


20-0 


2-66 


3 52 


+ -86 


4-75 


-•35 


5-25 


2(H) 


381 


3-57 


- -24 


50 










3-66 




6-0 










401 




7-0 










4-33 


+4-01 
-0-40 


+3-61 








1 


Mean 


+019 



f2 
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Table XII. 

Observation* on the Velocity of Negative Waves of the First Order. — In a 
triangular channel with sides sloping at 45°. 

Cols. A, B, C, D, E, F and G, as in the preceding table. 
Col. H is the ratio of defective velocity on the whole. 
Col. F" is taken, not from the formula like F, but from observed positive 
waves in the same channel of the same height. 

Col. G" contains the differences between F" and E. 



A. 


B. 


c. 


D. 


E. 


F. 


G. 


H. 


F". 


G". 


87 


-0-7 


29-8 


100* 


335 


341 


+ -06 


•0179 


3-27 


- -08 


8-8 


-0-6 


92-4 


315-5 


3 41 


3 43 


-|- -02 


0058 


3 31 


- 10 


8-9 


-05 


628 


215-5 


3 43 


4 45 


+ -02 


-0058 


3-35 


- -08 


90 










347 










10-0 










3 66 










110 










3-84 










116 


-0-9 


292 


100- 


3-41 


3-94 


4- 53 


•1554 


3-78 


4- -37 


120 










401 










130 










417 










140 










4-33 










150 










4-48 










160 










4 63 










16 8 


-17 


22-2 


100- 


4-50 


474 


+ -24 


•0533' 


4-50 


•00 


17 


-15 


220 


100- 


4-54 


477 


•f -23 


•0506 


4-55 


4- 01 


17*4 


-11 


216 


100- 


462 


4-83 


+ -21 


•0454 


4-67 


4- -05 


180 


-0-5 


21*6 


100- 


462 


4 91 


+ -29 


•0627 


4-84 


4- -22 


190 










5*04 










200 










518 










210 










5-30 










22-0 










5-43 










23-0 










5-55 










240 










5-67 










24-5 


-1-5 


190 


100- 


5-26 


573 


+ -47 


0893 


5-55 


4- '29 


24*7 


-1-3 


18 9 


100- 


5-29 


575 


4- -46 


•0869 


560 


4- 31 


24-8 


-1-2 


18-6 


100- 


5-38 


576 


4- -38 


0706 


5-62 


4- '24 


250 


-10' 


186 


100- 


538 


578 


+ -40 


•0743 


5-67 


4- -29 


43-31 


7180 




4-178 












Mean 


4-0-275 


•0598 


Mean 


- -26 


+1-52 
















J 


Mean 


4- 126 



The horizontal translation of water particles in the negative wave presents 
considerable resemblance to the corresponding phenomenon in the positive 
wave. All the particles of water in a given vertical plane move simultane- 
ously with equal velocities backwards in the opposite direction to the trans- 
mission, and repose in their new planes, at the end of the translation ; with 
this modification, however, that this state of repose is much disturbed near 
the surface by those secondary waves which follow the negative wave, but 
which do not sensibly agitate the particles considerably removed from the 
surface. (See Plate VI. fig. 9.) The path is the ellipse of the positive wave 
inverted. 

The following measures may be useful. In a rectangular channel 4 inches 
deep in repose and 8 inches wide, a volume of 72 cubic inches is withdrawn ; 
the depth of the negative wave below the plane of repose is gths of an inch deep, 
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the translation throughout the lower half-depth is 2£ inches, and diminishes 
from the half-depths upwards, settling finally at the surface at 1 J inch from 
the original position of the superficial particle. 

The form of surface of the anterior half of the negative wave resembles 
closely the posterior half of a positive wave of equal depth, but the posterior 
half of the negative wave passes off into the anterior form of a secondary 
wave which follows it 

After translation the superficial particles continue to oscillate, as shown in 
Plate VI. figs. 9, 10, in the manner hereafter to be described, as a phenomenon 
of the train of secondary waves. 

The characteristics of this species of wave of the first order are, — 

(I.) That it is negative or wholly below the level of repose. 

(2.) That it is a wave of translation, the direction of which is opposite to 
the direction 6*f transmission. 

($,) That its anterior form is that of the positive wave reversed. 

it.) That the path of translation is nearly that of the positive wave reversed. 

(5.) That its velocity is, in considerable depths, sensibly less than that due 
by gravity to half the depth reckoned from the lowest point, or the velocity 
of a positive wave being the same total height 

(6.) That it is not solitary, but always carries a train of secondary waves. 

It is important to notice that the positive and negative waves do not stand 
to each other in the relation of companion phenomena. They cannot be con* 
sidered in any case as the positive and negative portions of the same phe- 
nomena, for the following reasons : — 

(1.) If an attempt be made to generate or propagate them in such manner 
that the one shall be companion to the other, they will not continue together, 
but immediately and spontaneously separate. 

(2.) If a positive wave be generated in a given channel and a negative 
wave behind it, the positive wave moving with the greater velocity, rapidly 
separates itself from the other, leaving it far behind. 

(3.) If a positive wave be generated and transmitted behind a negative 
. wave, it will overtake and pass it. 

(4.) Waves of the secondary class which consist of companion halves, one 
part positive and the other negative, have this peculiarity, that the positive 
and negative parts may be transmitted across and over each other without 
preventing in any way their permanence or their continued propagation. It is 
not so with the positive and negative waves of the first order. 

(5.) If a positive and negative wave of equal volume meet in opposite 
directions, they neutralize each other and both cease to exist 

(6.) If a positive wave overtake a negative wave of equal volume, they also 
neutralize each other and cease to exist 

(7.) If either be larger, the remainder is propagated as a wave of the larger 
class. 

(8.) Thus it is nowhere to be observed that the positive and negative wave 
coexist as companion phenomena. 

These observations are of importance for this reason, that it has been sup- 
posed by a distinguished philosopher that the positive and the negative wave 
might be corresponding halves of some given or supposed wave. 

On some Conditions which affect the Phenomena of the Wave of the First Or- 
der. — It has not appeared in any observations I have been able to make on 
the subject, that the wave of the first order retains the stamp of the many 
peculiarities that may be conceived to affect its origin. In this respect it is 
apparently different from the waves of sound or of colour, which bear to the 
ear and the eye distinct indications of many peculiarities of their original ex- 
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citing cause, and thus enable us to judge of the character of the distant cause 
which emitted the sound or sent forth the coloured ray. It is not possible 
always to form an accurate judgement from the phenomena of the wave of the 
first order, of the nature of the disturbing cause, except in peculiar and small 
number of cases. 

I have not found that waves generated by impulse by a fluid column of 
given and very various dimension, by immersion of a solid body of given 
figure, by motion in given velocity or in different directions ; I have not 
found in the wave obtained by any of the many means any peculiarity, 
any variation either of form or velocity, indicating the peculiarity of the 
original. In one respect therefore the wave of translation resembles the sound 
wave ; that all waves travel with the velocity due to half the depth, whatever 
be the nature of their source. 

In one respect alone does the origin of the wave affect its history. Its 
volume depends on the quantity of power employed in its genesis, and on 
the distance through which it has travelled. A great and a little wave at 
equal distances from the source of disturbance, arise from great or little 
causes, but it is impossible to distinguish between a small wave which has 
travelled a short distance, and one which, originally high, has traversed a 
long space. 

This however does not apply to compound waves of the first order, here- 
after to be examined. 

Form of Channel— Its Effect on the Wave of Translation.— The conditions 
which affect the phenomena of the wave of translation are therefore to be 
looked for in its actual circumstances at the time of observation rather than 
in its history. The form and magnitude of the channel are among the most 
important of these circumstances. Thus a change in depth of channel imme- 
diately becomes indicated to the eye of the observer by the retardation of the 
wave, which begins to move with the same velocity as if the channel were 
everywhere of the diminished depth, that is, with the velocity due to the depth. 
Thus in a rectangular channel 4$ feet deep, the wave moves with a velocity 
of 12 feet per second, and if the channel become shallower, so as to have only 
2 feet depth, the change of depth is indicated by the velocity of the wave, 
which is observed now to move only with the velocity of 8 feet per second ; 
but if the channel again change and become 8 feet deep, the wave indicates 
the change by suddenly changing to a velocity of 16 feet per second. 

Length of wave an Index of Depth. — In like manner, a wave which in water 
4 feet deep is about 8 yards long, shortens on coming to a depth of 2 feet to 
a length of 4 yards, and extends itself to 16 yards long on getting into a depth 
of 8 feet. This extension of length is attended with a diminution of height, 
and the diminution of length with an increase of height of the wave, so that 
the change of length and height attend and indicate changes of depth. 

In a rectangular channel whose depth gradually slopes until it becomes 
nothing, like the beach of a sea, these phenomena are very distinctly visible ; 
the wave is first retarded by the diminution of depth, shortens and increases 
in height, and finally breaks when its height approaches to equality with the 
depth of the water. The limit of height of a wave of the first order is there- 
fore a height above the bottom of the channel equal to double the depth of 
the water in repose. If we reckon the velocity of transmission as that due to 
half the total depth, and the velocity of translation as that due to the height 
of the wave, it is manifest that when the height is equal to the depth these 
two are equal, but that if the height were greater than this, the velocity of 
individual particles at the crest of the wave would exceed the velocity of the 
wave form ; here accordingly the wave ceases, the particles in the ridge of 
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the wave pass forward out of the wave, fall over, and the wave becomes a 
surge or broken foam, a disintegrated heap of water particles, having lost 
all continuity. 

In like manner does the gradual narrowing of the channel affect the form 
and velocity of the wave, but its effects are by no means so striking as where 
the depth is diminished. The narrowing of the channel increases the height 
of the wave, and the effect of this is most apparent when the height is consi- 
derable in proportion to the depth ; the velocity of the wave increases in pro- 
portion as the increase of height of the wave increases the total depth ; but 
with this increase of depth, the length of the wave also increases rapidly, and 
it does not break so early as in the case of the shallowing of the water. Its 
phaenomena are only visibly affected to the extent in which a change of 
depth is produced in the channel, by the volume of water added to the channel 
taking the velocity and form peculiar to that increased depth. 
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Table XIII. 




I Heigh 


is of a Wave in Channel of variable Breadth* — Depth 4 in* 




A. 


B. 


C. 




Breadth 12 in. 


Breadth 6 in. 


Breadth Sin. 




Height of wave. 


Height of wave. 


Height of wave. 




in. 


in. 


in. 


L 


2*0 


2-4 


S\S 


II. 


2*0 


2-4 


3-6 


HI. 


2*0 


2-55 


3-3 


IV. 


1-5 


2-5 


3-5 


V. 


1-5 


2*35 


3-25 


VI. 


1-25 


2-0 


2-5 


VII. 


1-0 


1-3 


2-0 


Vlll. 


0-25 


0-3 


0-4 



These numbers appear to indicate that the increase of height does not widely 
differ from the hypothesis, that the height of a given wave in a channel of 
variable width is inversely as the square root of the breadth. 

Thus, the inverse square roots of the breadths are as 1*73, 2*45 and 3*47, 
and the mean heights of the first five experiments are 1*8 2*45 3*39. 

In the first five experiments the velocity observed was 4*25 feet per second. 
The velocity due by gravity to half the total depth 4+2*45 inches is 4*15 feet 
per second ; and as the range of the wave was only 17 feet, and the time was 
only observed to half-seconds, these numbers coincide well enough to bear 
the conclusion that the velocity does not considerably differ from that due to 
the wave of the same mean height in a parallel channel of the same depth. 





A. 




Height of wire 
in ft depth of 4 in. 


I. 


4rt>* 


II. 


S-7* 


III. 


3-4* 


IV. 


2-5 


V. 


2-0 


VI. 


1-8 


VII. 


1-5 


VIII. 


1-3 


IX. 


1-25 


X. 


1-2 


XI. 


M 


XII. 


1-0 


XIII. 


0-8 


XIV. 


0-5 


XV. 


0-2* 
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Table XIV. 

Observations in a Channel of variable Depth* — Diminution of depth from 
4 inches to & in a length of 17 feet 

B. C. D. E. 

Height of wave Depth of water where Time of tra- Velocity in 

breaking in depth (C). wave (B) broke. verangl7ft. feet per tec. 

4-6* 4-0 &5 3-09 

3-7* 3-7 55 3-09 

3-4* 3-4 5'5 3-09 

2-7 2-7 5'5 3-09 

2-4 2-4 5'5 3-09 

2-2 2-2 5'5 3-09 

2-0 2-1 

1-9 1-9 

1-9 1-9 

1-7 1-7 

1-4 1-4 6-0 2-83 

1-2 12 

0-8 1-1 6-5 2-6 

0-7 0*9 7-0 2-4 

0-2* 0-2 7-5 2-0 

Hence we find that the numbers representing depths in column C may be 
regarded as the limits of those in column B, that the depth of the fluid below 
the level of repose is equal to the greatest height which a wave can attain at 
that point, and at that height the wave breaks. 

The time occupied by the largest class of wave is 5'5 seconds* and the cor- 
responding mean velocity is 3*09 feet per second ; this is the velocity due to 
a depth of 3*6 inches, but the depth total at the one end of the channel is nearly 
double this quantity, diminishing to at the end. The time in which the wave 
in a shelving channel passes along the whole length, is therefore nearly equal 
to the time in which a wave would travel the same distance if the channel 
were uniformly of a depth equal to the mean depth of the channel, reckoning 
in both cases from the top of the wave. In these cases the height of the wave 
is large. Let us take a small height of wave as Ex. XIV. ; there we have 
also in this case the mean depth reckoned from the top of the wave =2*2, the 
velocity in a channel of that uniform depth =2*4, and the time 7*08. These 
experiments are sufficiently accurately represented if we take for die velocity 
of the wave in the sloping channel that of a wave in a channel having a uni- 
form depth equal to the mean depth of the channel, reckoned as usual from 
the top of the wave* 

If therefore we are to calculate the time in which a wave will traverse a 
given distance q> to the limit of the standing water-line, after it has begun to 
break on a sloping beach, we have, the height at breaking being h = the 
standing depth of the water at the breaking-point, 

Ex. A wave 3 feet high breaking in water 3 feet deep, on a sloping shore 

* These numbers are interpolated ; the numbers in column D are waves not observed on 
the identical waves in the first three columns, but are others of nearly equal heights, in iden- 
tical conditions. 
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at a distance of 60 feet from the edge of the water, would traverse that space 
in about 6 seconds, for 

<a= 8^7 = ^ =6 8econd8 ncariy - 

By repeated observations I have ascertained that waves break whenever 
their height above the level of repose becomes equal very nearly to the depth 
of the water. 

The gradual retardation of the velocity of waves breaking on a sloping 
beach, as they come into shallower water, is rendered manifest in the closer 
approximation of the waves to each other as they come near the margin of 
the water. Vide et seg. 

It may be observed also that the height of the wave does increase, but very 
slowly (before breaking), as the depth diminishes ; thus in VI L, a height of 
1*8 in a depth of 4 inches becomes 2*2 in 2 inches depth, and in XII. a height 
of 1 inch in a depth of 4 inches becomes a depth of 1*2 inch only 1*2 inch 
high. The increase of height is therefore very much slower than the inverse 
ratio of the depth, or than the inverse ratio of the square of the depth. 

Form of Transverse Section of Channel. — We have seen that in a given 
rectangular channel, the volume of the wave, its height and the depth being 
given, no peculiarity of origin or other condition sensibly affects its actual 
phsenomena. But it become* of importance to know whether the form of a 
given channel, its volume being given, will affect the phsenomena of the wave 
of the first order ; for example, whether in a channel which is semicircular 
on the bottom, or triangular, but holding a given quantity of water, the wave 
would be affected by the form of the channel, the volume or cross section 
remaining unchanged. 

Considering this question a priori, we might form various anticipations. 
We might expect in a channel in which the depth of transverse section varies, 
that as its depth is greatest at one point, suppose the middle, and less at the 
sides, the wave might move with the velocity due to the middle or greatest 
depth ; or we might expect that it would move with the velocity simply due 
to the mean depth, that is, with the same velocity as in a rectangular channel 
of a depth equal to the mean depth of the channel ; or we might expect that 
each portion of the wave would move with a velocity due to the depth of that 
part of the channel immediately below each part of the wave, and so each 
part passing forward with a velocity of its own, have a series of waves, each 
propagating itself with an independent velocity, and speedily becoming dif- 
fused, and so a continued propagation of a wave in such circumstances would 
become impossible from disintegration ; and instead of a single large wave 
we should have a great many little ones. Or, finally, we might have a perfect 
wave moving with a velocity, the mean of the velocities which each of these 
elementary waves might be supposed to possess. 

I soon found that the propagation of a single wave, t. e. one of which all 
the parts should have a given common velocity, was possible in a channel 
whose depth at different breadths is variable ; that the wave does not neces- 
sarily become disintegrated ; that its parts do not move with the different 
velocities due to the different depths of the different parts of the channel, but 
that the entire wave does (with certain limits) move with such velocity as if 
propagated in a channel of a rectangular form, but of a less depth than the 
greatest depth of the channel of variable channel. 

It became necessary therefore to determine the depth of a rectangular 
channel equivalent to the depth of a channel of variable transverse section ; 
to determine, for example, in a channel of triangular section v, the depth of 
rectangular channel in which a wave would be propagated with equal velocity. 
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In this case the simple arithmetical mean depth of the channel is half of the 
depth in the middle. But on the other hand, if we calculate the velocity due 
to each point of variable depth, and take the mean of these velocities, we shall 
find a mean velocity such as would be due to a wave in a rectangular channel 
two-thirds of the greatest depth. 

In the first series of experiments I made on this subject, I conceived that the 
results coincided sufficiently well with the latter supposition ; but they were on 
so small a scale, that the errors of observation exceeded in amount the diffe- 
rences between the quantities to be determined, and the results did not esta- 
blish either, Mr. Kelland arrived at the opposite conclusion, his theoretical 
investigations indicating the former result I examined the matter afresh, and 
after an extensive series of experiments, have established beyond all question 
the fact, that the velocity in a triangular channel is that due by gravity to 
one-fourth of the maximum depth. Although therefore the absolute velocity 
assigned by Mr.Kelland's investigations deviates widely from the true velocity, 
yet he has assigned the true relation between the velocities in the triangular 
and the rectangular channel ; and if therefore we take the absolute velocity 
which I have determined for the rectangular channel, and deduce from it the 
relative velocity which Mr. Kelland has assigned to the triangular form, we 
obtain a number which is the true velocity of the wave in a v* channel. 
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Table XV. 
Observations on the Wave of the First Order in triangular Channels. 

The sides of the channels are planes, and slope at an angle with the ho- 
rizon = 45°. 

Col. A is the observed depth of the channel in the middle, reckoned from 
the crest of the wave. 

Col. B is the height of the wave taken as the mean between the observa- 
tions at the beginning and end of the experiment. 

Col. C is the observed time in seconds occupied by the wave in describing 
the distance in column D. 

Col. D is the space in feet described by the wave during each observation. 

Col. £ is the velocity resulting from these observations. 

Col. F is the v elocity due by gravity to £ of the depth of the fluid, 
v=\Sig(h + k). 

Col. G is the velocity due by gravity to § of the depth of the fluid, 
v=S$g(h + k). 

Cols. H and K show the difference between Cols. F and G and the obser- 
vations, and the result in favour of F. 



A. 


B. 


c. 


D. 


E. 


F. 


o. 


H. 


K. 


in. 


* in. 


















415 


0-15 


36-5 


800 


2-19 


2-35 


2-72 


+ 16 


+ 


•53 


4*23 


0-22 


330 


80-0 


2-42 


2-38 


2-75 


- -04 


+ 


•33 


4 32 


0-31 


31-0 


75-5 


2-43 


2 40 


2-78 


- -03 


+ 


•35 


4-38 


0-37 


470 


115-5 


2-46 


2-42 


279 


- -04 


+ 


•33 


471 


0-70 


13-5 


35 5 


2-62 


251 


2 90 


- 11 


+ 


•28 


481 


0-80 


29-5 


75-5 


2-57 


2-54 


2-93 


- -03 


+ 


•36 


4-86 


0-85 


140 


35-5 


253 


2-55 


2-95 


+ -02 


+ 


•42 


5-29 


0*18 


310 


80/0 


2-58 


2-66 


3-07 


+ -08 


+ 


•49 


5-44 


0*33 


455 


1200 


2-63 


2-70 


311 


+ -07 


+ 


•48 


5 55 


044 


580 


160-0 


2-75 


2-72 


315 


- -OS 


i- 


•40 


5-59 


0-48 


3(H) 


800 


266 


273 


316 


+ 07. 


+ 


•50 


5-99 


0-88 


120 


35-5 


2-95 


283 


3-27 


- 12 


+ 


-32 


601 


0-90 


24-5 


71*0 


289 


2-84 


329 


- 05 


+ 


•40 


618 


0-14 


28-0 


800 


2-85 


2-87 


3-32 


+ -02 


+ 


•47 


6-26 


0-21 


55-5 


1600 


2-88 


2-89 


334 


+ -01 


+ 


•46 


6-38 


034 


140 


400 


2-85 


2-92 


3-37 


+ -07 


+ 


•52 


1 6-44 


1-33 


120 


35-5 


295 


2-93 


339 


- 02 


+ 


•44 


! 652 


0-48 


26-5 


8(H) 


3-02 


295 


3 41 


- -07 


+ 


•39 


i 6-78 


0-74 


350 


111-0 


317 


3-01 


3 48 


- -16 


+ 


•31 


! 710 


060 


26-5 


8(H) 


3-02 


308 


3-56 


+ -06 


+ 


•54 


i 712 


008 


39 5 


120-0 


303 


3-09 


3 56 


+ -06 


+ 


•53 


715 


Oil 


78-5 


240-0 


305 


3-09 


3-57 


+ 04 


■+ 


•52 


! 716 


012 


52-5 


16(H) 


304 


310 


3 58 


+ -06 


+ 


-54 


{ 7-21 


017 


26-5 


800 


3-02 


311 


3-59 


+ -09 


+ 


•57 


i 7-36 


0-32 


26-5 


80-0 


3-02 


314 


3-62 


+ -12 


+ 


•60 


l 7-51 


0-47 


25*0 


800 


3-20 


318 


3-66 


- -02 


+ 


•46 


753 


0-47 


24-0 


800 


3-33 


317 


3-67 


- 16 


+ 


•34 


100 


0-75 


55-4 


215-5 


3-89 


3-66 


4 23 


- -23 


+ 


•34 


10-5 


1-1 


41-94 


166-0 


3-95 


3-75 


4 33 


- -20 


+ 


•38 


11-0 


144 


31-2 


123-1 


3-94 


3-84 


4 43 


- 10 


+ 


•49 


14 5 


2-0 


4836 


215-5 


4-45 


4 41 


509 


- -04 


+ 


•64 


150 


2-58 


26-46 


119-25 


4-50 


4-48 


5-18 


- 02 


+ 


•68 


15 5 


31 


222 


1000 


4 50 


4-56 


5-26 


+ -06 


+ 


•76 


190 


0-35 


19-8 


10(H) 


5-06 


504 


5-83 


- -02 


+ 


•77 


19 5 


0-87 


19-5 


100*0 


513 


511 


5-90 


- -02 


+ 


•77 J 
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Table XV. continued. 








A. 


B. 


C. 


D. 


B. 


P. 


o. 


H. 


K. 


in. 


in. 
















20-0 


1-35 


25-66 


138-5 


5 40 


518 


5*98 


- -22 


+ -58 


90-5 


185 


28-8 


157-75 


5-48 


5-24 


6-05 


- -24 


+ -57 


81-0 


2-36 


24-93 


138-5 


5 55 


530 


613 


- -25 


+ -58 


21-5 


2-8 


17-8 ' 


100-0 


5 61 


5-36 


6-20 


- -25 


+ -59 


26-0 


15 


35*8 


215-5 


6-02 


5-90 


6*82 


- 12 


+ -80 


26-5 


1-95 


22*46 


138-5 


616 


5-96 


6-88 


- -20 


+ 72 


27-0 


212 


20-7 


128*87 


6-22 


6-01 


6-95 


- -21 


+ 73 


27-5 


24 


21-73 


138-5 


6-37 


6-07 


7-01 


- -30 


+ -64 


280 


312 


20-45 


12875 


6-29 


613 


7-07 


- 16 


+ 78 


28-5 


3-03 


15-93 


100-0 


6-27 


618 


714 


- -09 


+ -87 


29-0 


3-02 


15-8 


100-0 


6-33 


623 


7-20 


- 10 


+ "87 


29-5 


2-5 


15-68 


100-0 


6-37 


6-29 


726 


- -08 


+ -89 


30-0 


277 


15-6 


1000 


6-41 


6-34 


732 


- 07 


+ -91 


30-5 


225 


15 6 


100-0 


6-41 


639 


7-88 


- 02 


+ -97 


31-0 


25 


15-8 


100-0 


6-33 


6-44 


7-44 


+ 11 


+ Ml 


315 


3-0 


15-26 


10(H) 


655 


650 


750 


- -05 


+ -95 


-277 


+29-27 



No great number of experiments has been made on channels of other forms 
of variable depth, such as have been made coinciding with those in the tri- 
angular channel, so far as to show that we may take the simple arithmetical 
mean depth as the depth of the rectangular channel of a wave of equal velo- 
city, and so in general reckon the mean depth as 



or 






The form of transverse section does not therefore affect the velocity of the 
wave otherwise than as it becomes necessary to use the mean depth as the 
argument in calculating it, and not the maximum depth. 

The Form of Channel affects the Farm of the Wave as well as its Velocity. — 
When the channel is very broad the wave ceases to have a velocity, it 
loses unity of character, and each part of it moves along the channel 
independent of the velocity of the other, and with the velocity due to the 
local depth of the channel. Where the water is shallow the wave becomes 
sensibly higher and shorter, and when the difference of depth is not consi- 
derable, the wave is found to increase in height so as to give in the shallow 
part a velocity equal to that in the narrow part. When the channel is narrow 
in proportion to its depth, this unity of propagation exists without sensible 
difference of velocity towards the side, and without very great difference in 
height at the sides. In a channel of the form of a right-angled and isosceles 
triangle, with the hypothenuse upwards and horizontal, it is visible to the 
eye that the wave is somewhat longer and lower in the middle, but higher 
and shorter at the sides, but that it retains most perfect unity of form and 
velocity, and moves along unbroken with the velocity due to the mean depth. 
The same figure with the angle at the bottom increased so that each side has 
a slope of one in four, still contains a single wave propagated with a single 
velocity, being that due to half the depth, but breaks at the shallow side, be- 
coming disentegrated in form though not in velocity. 

Iu a channel 12 inches wide, 5 inches deep on one side, and 1 inch deep 
on the other, the following observations were made : — 
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Height of the Wave. 



Deep tide. 


Shallow side. 


in. 


in. 


2-00 


2-50 


1-53 


2-50 


1-20 


2-00 


0-75 


1-20 


0-75 


1-20 


0-75 


1-00 


0-50 


1-00 


0-25 


0-50 


0-25 


0-40 


0-25 


0-40 



On the Incidence and Reflexion of the Wave of the First Order. — When 
a wave of the first order encounters a solid plane at right angles to the direc- 
tion of its propagation, it is wholly reflected and is thrown back in the oppo- 
site direction with a velocity equal to that in which it was moving before 
.impact, remaining in every respect unchanged, excepting in direction of 
motion. This process may be repeated any number of times without affect- 
ing any of the wave phenomena excepting the direction of motion. 

When the angle which the ridge of the incident wave makes with the solid 
plane is small, that is, when the direction of propagation does not deviate 
much from the perpendicular to the plane, the wave undergoes total re- 
flexion, and the angles of reflexion and of incidence are equal, as in the case 
of light. 

When the deviation of the direction of propagation from the perpendicular 
is considerable, the reflexion ceases to be total. At 45° the reflected wave 
is sensibly less than the incident wave. 

When the ridge of the wave is incident at about 60° from the plane sur- 
face, and the direction of the ridge only diverges about 30° from a perpendi- 
cular to the plane, reflexion ceases to be possible. A remarkable phenomenon 
is exhibited which I may be allowed to designate the Lateral Accumulation 
and Non-Reflexion of the wave. It is to be understood by considering the 
effect of supposed reflexion ; this would be to double over upon itself a part 
of the wave moving in nearly the same direction ; the motions of translation 
of the particles being compounded will give a resultant at right angles to the 
plane, and will also give a wave of greater magnitude and a translation of 
greater velocity. By these means accumulation of volume and advancement 
of the ridge in the vicinity of the obstacle take place ; as represented in the 
diagram. 

These phenomena are accurately represented in Plate VII., as observed 
in a large shallow reservoir of water. 

On die Lateral Diffusion and the Lateral Accumulation of the Wave of 
the First Order. — When a wave of the first order has been generated in. a 
narrow channel, and is propagated into a wider one, it becomes of some im- 
portance to know whether and how this wave will affect the surface of the 
larger basin into which it is admitted. It is known that common surface 
waves of the second order diffuse themselves equably in concentric circles 
round the point of disturbance. How is the great primary wave diffused ? 
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Table XVI. 

Observations on ike Lateral Diffusion of 'the Wave ofthe First Order, generated 
in a narrow Channel and transmitted into a wide Reservoir. 

The apparatus employed for this purpose is exhibited in Plate VIII. 
figs. 1 and 2. T was a tank 20 feet square, filled to the depth of 4 inches ; the 
chamber C, fig. % was 12 inches square, in which the wave was generated by 
impulse for the first five experiments, in all subsequent to which C was en- 
larged in width to 2 feet, as shown in fig. 1. The line marked A, figs. 1 and 
2, was a wooden bar, in which were inserted at intervals of 6 inches, sharp 
pieces of pencil, projecting downwards to the surface of the water ; the num- 
bers of which, reckoning from the side of the tank outwards, are contained in 
the first vertical column of numerals, the Roman numerals in this table de- 
noting the number of the experiment The bar being placed parallel to the 
side of the tank at C, and distant from it 12 feet, consequently distant 9 feet 
from the mouth of the channel, whose length is 3 feet; the distance from its 
under edge to the surface of the still water was carefully measured, and when 
the wave had passed, and before its reflexion, the bar was removed, the 
distances from its under edge to the highest marks on the pencils were put 
down in column A of the table, and the absolute height of the wave itself, 
obtained by subtracting these figures from the statical level, was put down in 
column B. 

In the diagrams, Plate VIII., the waves are laid down from the line A A, and 
at horizontal intervals of one-tenth of an inch, corresponding to the relative 
positions of the points at which they were observed. In figs. 1 and 2, an ap- 
proximate mean is given of the waves generated in the large and small chan- 
nels, each line at the bar A indicating a height of one-tenth part of an inch. 





I. 


II. 


ill. 


IV. 


V. 


VI. 


A. | B. 


A. 


B. 


A. 


B. 


A. 


B. 


A. 


B. 


A. 


B. 


1 


2-3 1*375 


215 


•525 


2-05 


•625 


21 


•575 


•8 


•7 


3 


12 


2 


2-4 j-275 


2175 -5 






215 


•525 


•85 


•65 


•4 


11 1 


3 


2*45 -225 


2-225 -45 


215 


•525 


22 


•475 


•95 


•575 


•5 


1-0 1 


4 


2-45 -225 


2 2 -475 


215 


•525 


215 


•525 


•8 


•725 


•4 


1-225 


5 


2-45 


•225 


2-225 45 


215 


•525 


215 


•525 


•85 


•675 


•4 


1-225] 


6 


2-45 


•225 


23 375 


2-2 


•475 


22 


•475 


•925 


•612 


•45 


1075 ! 


7 


2-475 -2 


2-275| -4 


2-2 


•475 


225 


•425 


•925 


•625 


•5 


1035 


8 2-5 -175 


235 -325 


2 25 


•425 


2-275 


•4 


125 


•5 


•625 


•925 


9 


2-55 125 


24 


■275 


23 


•375 


2-35 


•325 


105 


•5 


•625 


•925 


10 


2-55 


125 


2-35 


•325 


2-3 


•375 


2-3 


•375 


10 


•55 


•65 


•9 


11 


2-6 


075 


24 


•275 


23 


•375 


2-325 


•35 


11 


•45 


•7 


•85 ; 


12 


2-6 


075 


2-425 25 


2-35 


•325 


2-375 


•3 


1-05 


•512 


•825 


•75 | 


13 


2-6 


075 


2-425; 25 


2 35 


•325 


2-35 


•325 


1075 


•487 


•8 


•775 


14 


2-6 


•075 


245 225 


2-375 


3 


24 


•275 


11 


•487 


■8 


775 


15 


2*65 025 


2 45 


•225 


2-375 


•3 


24 


275 


11 


•475 


•9 


•675 


16 


2-65 -025 


2-45 


•225 


2-4 


•275 


2-4 


•275 


11 


•475 


•85 


•735 


17 2-65 I 025 

1 1 


245 


•225 


2-4 


•275 


2-4 


•275 






•85 


•75 



This table shows in column B, how the height of the wave diminishes as 
it spreads out from the line of original direction in which it was generated. 
Lateral diffusion therefore takes place, but with a great diminution of height 
of the wave. 

This phenomenon is of importance in reference especially to the law of 
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diffusion of the tides, in such situations as where they enter the German Sea 
through the English Channel, and the Irish Sea through St. George's Chan- 
nel. It enables us to account for the great inequality of tides in the same 
locality. It likewise famishes an analogy by which we may explain some of 
the hitherto anomalous phenomena of sound. 

Axis of Maximum Displacement of the Wave of the First Order. — That 
a wave of the first order, on entering a large sheet of water, does not diffuse 
itself equally in all directions around the place of disturbance (as do the waves 
of the second order produced by a stone dropped in a placid lake), but that 
there is in one direction an axis along which it maintains the greatest height, 
has the widest range of translation, and travels with greatest velocity, viz. 
in the direction of the original propagation as it emerged from the generating 
reservoir, is a phenomenon which I have further confirmed by a number of 
experiments. This phenomenon is of importance, especially if we take the 
wave of the first order, the same (as I think I have established) as type of the 
tide wave of the sea and of the sound wave of the atmosphere. I determined 
this in the simplest way. I filled a reservoir which has a smooth flat bottom 
and perpendicular sides some 20 feet square, to a depth of 4 inches with water. 
In a small generating reservoir only a foot wide, I generated a wave of the 
first order. A circle was drawn on the bottom of the large basin, and of 
course visible through the water, having its centre at the place of disturbance, 
and divided into arcs of 30°, 45°, 60° and 90°, on which observers were 
placed, and the heights of the same wave, as observed at the points, is given 
in the accompanying table. 



57 



Table XVII. 

Observations on the Diffusion of the Wave of the First Order round an Axis 
of original Transmission, 

The observations were made upon the wave at various points in circles of 
9 and 15 feet radius, described from the outer extremity of the side of the 
channel C, as shown in Plate VIII. fig. 3. The depth of the water when at 
rest was taken at the various points, and these being subtracted from the 
absolute height to which the wave attained in its transit, gave the amounts 
which are contained in the lower part of the table, the absolute heights from 
which these are deduced being given immediately above in columns marked 
thus, A, B, C, D, E, while the deducted heights are distinguished thus, A', B', 
C, D*, E'. Experiments VII. to XV. were made in the 9 feet circle, and the 
remainder in that of 15 feet radius. It will be observed that in the latter set 
there are two columns which are headed zero, but it must be remembered 
that the one in brackets contains observations which were made at the 9 feet 
distance along the axis and the remainder on the outer circle. 

Fig. 3 contains the approximate ratio of the height of the wave at different 
points in the circumference of the circles expressed by lines concentric to the 
circles, each of which denotes the tenth part of an inch. 

The observations are laid down accurately in the diagrams, where the 
lines A B and C D represent the circumference of the quadrants of the ob- 
served circles. Upon these lines the true heights of the wave are measured 
upwards at their respective points of observation, and a curve drawn through 
these, representing the mean of the wave's height. From these and from a 
numerical discussion of the observations, it appears that the height of the 
wave at 0° being 1, its height at the remaining points will be i, f , £, and -j^, 
or taking integral numbers to express the ratio, it will stand thus, 30, 15, 12, 
10, 3. And from a discussion of the whole of the experiments it is found 
that the height of the wave is inversely as the distance from the centre. 

Fig. 4 shows the appearance of the wave upon which these observations 
were made. 





A. 


B. 


c. 


D. 


E. 




0. 


H. 


K. 


L. 


M. 




«o. 


MP. 


450. 


<kp. 


Vf>. 




<O 3 


0'. 


*>o. 


•*>. 


«o*>. 


VII. 


4-5 




415 




4-05 


XVI. 




4-25 


43 




44 


VIII. 


4625 




435 




4-05 


XVII. 




4185 


4-5 






IX. 


4-875 




44 




4-05 


xvin. 




4 25 


4-5 






X. 


4*5 


435 






405 


XIX. 




425 


44 






XI. 


4-325 


4-3 






405 


XX. 




4 25 


43 






XII. 


45 


43 






405 


XXI. 




4-25 




4-3 




XIII. 


4-5 


4-2 








XXII. 




4-375 




4-3 




XIV. 


4-75 






4-3 


405 


XXIII. 




41 




43 




XV. 


4-5 






425 


405 


XXIV. 




41 




425 






A'. 


B'. 


C 


IV. 


&. 




CK 


H'. 


K'. 


I/. 


M'. 


VII. 


10 




•3 




•1 


XVI. 




•75 


•3 




•1 


VIII. 


1185 




•5 




•1 


XVII. 


•7 


•695 


•5 






IX. 


1-375 




•55 




•1 


XVIH. 




•75 


•5 






X. 


io 


•55 






•1 


XIX. 




•75 


•4 






XI. 


•825 


•5 






1 


XX. 


1-3 


•75 


•8 






XII. 


1-0 


♦5 






1 


XXI. 


15 


•75 




•25 




XIII. 


10 


•4 








XXII. 




•875 




•25 




XIV. 


1*35 






•4 


1 


XXIII. 


11 


•6 




•25 




XV. 


10 






•35 


•1 


XXIV. 


115 


•6 




•2 
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Thus it was determined that along the axis of maximum intensity, the 
height of the wave there being the greatest, there was a corresponding acce- 
leration of the ware motion. On each side of this axis the magnitude of the 
wave diminishes rapidly, being at 30° diminished to j-, and at 60° to £ of its 
height along the axis, and as this diminution was attended with a corre- 
sponding retardation of propagation, so the ridge of the wave became some- 
what elliptical, having for its major axis the axis of maximum intensity of 
the wave. At right angles to the principal axis of propagation the wave is 
scarcely sensible, a height of one-tenth part of that in the axis being the 
greatest that was observed ; and that indeed was, in the circumstances of 
observation, scarcely sensible. 

Concluding Remarks and Application. — There are several great applica- 
tions of our knowledge of waves of the first order, which give value to that 
knowledge beyond that which belongs to truth for its own sake. The phe- 
nomena of the wave of translation are so beautiful and regular, that as a 
study of nature it possesses a high interest. The velocity of the wave is one 
of the great constants of nature, and is to the phenomena of fluids what the 
pendulum is to solids, a connecting link between time and force ; as a phe- 
nomenon of hydrodynamics, it furnishes one of the most elegant and inter- 
esting exercises in the calculus of the wave mathematics. 

But besides its importance in these aspects, there are others in which it is 
capable of being regarded, each of which gives it value both in art and in 
science : — 

1. The wave of the first order is to be regarded as a vehicle for the trans- 
mission of mechanical force (geological application). 

2. The wave of the first order is an important element in the calculation 
and phenomena of resistance of fluids (form of ships, canals, Arc.). 

S. The wave of the first order is identical with the great oceanic wave of 
the tide (improvement of tidal rivers). 

4. The water-wave of the first order presents some analogy to the sound 
wave of the atmosphere (phenomena of acoustics). 
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Table XVIII. 
The Velocity of the Wave of the First Order, calculated for various depths 
of the fluid in a chanuel of uniform depth, extending at depth from 0*1 of 
an inch to 100 feet. 

Column A contains the depths of the fluid in decimal parts of an inch. 

Column B the corresponding velocities in feet per second. 

Column C gives the depth in inches. 

Column D the corresponding velocities in feet per second. 

Column F gives the depths in feet 

Column G the corresponding velocities in feet per second. 

Columns of Differences, £ and H, will assist in extending the table. 



A. 


B. 


C 


D. 


E, 


P. 


o. 


H. 


Value of 


Value of 


Value of 


Value of 


Fimt 


Value of 


Value of 


First 


h+e 
in inches. 


in feet per see* 


in inches. 


in feet per aee. 


differ- 
ence. 


k+e 
in feet. 


. VV(*+A) 
m feet per tec. 


differ- 


o-o 


o-oooo 


0-0 


o-ooo 




0*0 


0400 




1 


0-5179 


10 


1-637 




1*0 


5*674 




•2 


0-7325 


20 


2316 




2-0 


8*024 




•3 


0-8971 


30 


2-836 




3*0 


9*827 




4 


1-0359 


40 


3275 




4-0 


11-347 




•5 


11581 


50 


3-662 




5*0 


12-687 




•6 


1-2687 


60 


4-011 




6*0 


13-898 




7 


1-3703 


70 


4-333 




7*0 


15411 




•8 


1-4649 


80 


4-632 




8*0 


16*047 




•9 


1-5538 


90 


4-913 




9-0 


17*021 




10 


1-6378 


100 


5179 




104 


17*942 




•1 


17178 


110 


5-432 


253 


11*0 


18*817 


875 


•2 


17942 


I. 12 


5-673 


241 


12 


19454 


837 


•3 


1-8674 


130 


5-905 


231 


13*0 


20-457 


803 


•4 


1-9379 


14-0 


6128 


222 


140 


21*229 


772 


•5 


2-0060 


150 


6343 


215 


150 


21-974 


745 


•6 


2-0717 


160 


6*551 


207 


16-0 


22 695 


721 


7 


2-1355 


170 


6753 


201 


17-0 


23-393 


698 


•8 


21974 


180 


6-948 


195 


18-0 


24471 


678 


•9 


2-2576 


190 


7139 


190 


194 


24-731 


660 


9-0 


2*3163 


20*0 


7-324 


185 


204 


25-374 


643 


•1 


23725 


21-0 


7-505 


180 


214 


26*000 


626 


•2 


2-4293 


220 


7*682 


176 


224 


26-612 


612 


•3 


2-4839 


230 


7-854 


172 


234 


27-210 


598 


•4 


9-5373 


II. 24-0 


8-023 


168 


244 


27796 


586 


•5 


2-5896 


250 


8189 


165 


254 


28-368 


572 


•6 


2-6409 


26-0 


8-351 


162 


264 


28-930 


562 


7 


2-69L3 


270 


8-510 


159 


274 


29-481 


551 


•8 


2*7405 


280 


8-666 


156 


284 


30423 


542 


•9 


27891 


29-0 


8-820 


153 


294 


30-554 


531 


3*0 


2*8368 


30-0 


8-970 


150 


304 


31476 


522 


•I 


2*8834 


310 


9118 


149 


314 


31-589 


518 


•2 


2-9299 


320 


9-265 


147 


324 


32495 


505 


•3 


2-9753 


330 


9*408 


143 


334 


32-593 


497 


•4. 


3*0200 


34-0 


9-550 


141 


344 


33483 


490 


•5 


30641 


350 


9-689 


139 


354 


33-566 


480 


•6 


3-1076 


III. 36-0 


9-827 


137 


364 


34042 


476 


7 


31505 


37-0 


9-962 


135 


374 


34-512 


470 


•8 


31928 


380 


10496 


133 


384 


34-976 


464 


•9 


3*2337 


39-0 


10-228 


131 


394 


35-434 


458 


4-0 


3*2756 


40-0 


10-358 


130 


400 


35-883 


449 


•1 


3-3164 


41*0 


10-487 


128 


414 


36*329 


446 


•2 


3-3566 


420 


10-614 


127 


424 


36771 


442 


3 


3-3963 


430 


10-740 


125 


434 


37-205 


434 


•4 


3-4356 


44-0 


10-864 


124 


444 


37-635 


430 


•5 


3-4744 


45-0 


10-987 


122 


454 


38460 


425 , 


•6 


3-5128 


46*0 


11108 


121 


464 


38-481 


421 | 


•7 


3-5508 


470 


11-229 


120 


474 


38-897 


416 



ii «2 
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Table XVIII. continued. 



A. 


B. 


c. 


D. 


E. 


F. 


o. 


H. 


Value of 


Value of 


Value of 


Value of 


First 


Value of 


Value of 


First 


A+c 


^tfc+A) 


h+e 


*/g(c+h) 


differ- 


h+e 
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in feet per sec. 


differ- 
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in feet. 


ence. 


•8 


3-5884 
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11*347 
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48-0 


39-308 
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•9 


3-6225 


490 


11-464 


117 


49-0 


39-716 


408 


5-0 


3-6623 


500 


11*581 
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40-119 


403 


•1 


3-6988 


51-0 


11-696 


115 


51-0 


40-518 


399 


•2 


3*7348 


52-0 
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52-0 


40-913 


395 


•3 


3-7704 


63-0 


11-923 
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53-0 


41-304 
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•4 


3-8056 
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12*035 
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41-693 
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•5 


38405 
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12-146 
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42-079 
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•6 


3-8758 
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12-256 


no 
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42*458 


379 


•7 


3-9101 


57-0 


12-365 
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42-834 


376 


•8 
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58*0 


12-473 
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43-209 
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•9 
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12-580 
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43-580 
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60 


4-0120 
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12-686 
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43-948 
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•1 


4-0451 


61-0 


12-791 
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61*0 


44-315 
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•2 
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620 


12-895 
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44*678 
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•3 
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•4 
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•5 
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650 
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•7 
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46-442 
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•8 
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95 


740 


48*809 
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•6 
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94 
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49*462 
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•7 


4-5447 
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14-371 


94 


77-0 


40786 


324 


•8 


4-5740 


780 


14464 


93 


78-0 


50*108 


322 


•9 


4-6031 


79-0 


14*556 


92 


79*0 


50*429 


321 


80 


4-6325 


80-0 


14-648 


92 


8(H) 


50-748 


319 


•1 


4-6612 


810 


14-739 


91 


810 


51061 


317 


•2 


4-6898 


82-0 


14*830 


91 


8*2*0 


51*376 
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•3 


4-7182 


83*0 


14*921 


91 


83*0 


51-689 


313 


•4 


4*7470 
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15-011 


90 


84*0 
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311 


•5 


4*7761 
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15100 


89 


85-0 


52-309 


309 


•6 


4-8040 


860 


15189 


89 


86*0 


52*616 


307 


•7 


4-8318 


87-0 


15*277 


88 


87-0 


52-921 


305 


•8 


4*8586 


880 


15-364 


87 


88*0 


53*224 


303 


•9 


4-8860 


89-0 


15-451 


87 


89*0 


53-526 


302 


90 


4-9134 


90-0 


15-537 


86 


90*0 


53-827 


301 


•1 


4-9404 


910 


15-623 


86 


91*0 


54126 


299 


•2 


4-9678 


920 


15-709 


86 


92-0 


54-423 


297 


•3 


4-9946 


93-0 


15-794 


85 


930 


54-719 


296 


•4 


5*0213 


940 


15*879 


85 


94-0 


55-014 


295 


•5 


5-0479 


950 


15-963 


84 


95-0 


55-307 


293 


•6 


5-0746 


VIII.96-0 


16047 


84 


96-0 


55*597 


290 


•7 


51011 


97*0 


16130 


83 


97*0 


55 886 


289 


•8 


51275 


980 


16-212 


82 


980 


56172 


286 


•9 


51538 


990 


16293 


81 


99*0 


56*455 


283 


10-0 


51792 


100-0 


16373 


80 


100-0 


56-737 


282 
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Section II.— WAVES OF THE SECOND ORDER. 

Oscillating Waves. 

Character Gregarious. 

Soecies / Stationary. 

* pecies 1 Progressive. 

Varieties (Forced. 

J Stream ripple. 

Instances < Wind waves. 

. L Ocean swell. 

. The Standing Wave of Running Water. — Among oscillating waves of the 
second order, I know none more common or more curious than the standing 
wave of running water. I begin the account of my examination of waves 
of the second order, because it is that species which appears to me to be the 
most easy to be conceived, because it presents the closest analogy to the ordi- 
nary known phenomena of wave motion, and because, although most fre- 
quently exhibited to the eye of the common gazer, it has not, as far as I 
know, ever been made the subject of accurate observation. 

If the surface of a running stream be examined as it runs with an equal 
velocity along a smooth and even channel, its surface will present no remark- 
able feature to the eye, although it u known by accurate observation that 
the surface of the water is higher above the level in the middle or deep part 
than at the sides of the channel. On the bottom of the channel let there be 
found a single large stone ; this interruption, although considerably below 
the surface of the water, will give indication of its presence by a change of 
form visible on the surface of the water. An elevation of surface will be 
visible, not immediately above it, but in its vicinity. Simultaneous with the 
appearance of this protuberance, there will appear a series of others lower 
down the stream. These form a group of companion phenomena, are waves 
of the second order, oscillatory, and of the standing species, their place re- 
maining fixed in the water, while the water particles themselves continue to 
flow down with the stream. For examples see PI. IX. 

This species of wave is especially deserving of the notice both of the ma- 
thematician and of the natural philosopher, for this cause especially, that the 
apparent motions of the water are in this case identical with the actual paths 
of individual particles ; each particle on the surface actually describes the 
path apparent on the surface ; the outline of the surface of the water is the 
true path of a particle during its progress down the stream. It does not ex- 
hibit like other waves the form merely, a form very different from the true 
motion of the water particles, nor does it exhibit the motion of a motion, nor 
do the particles themselves remain behind while they transmit forward the 
wave. The particles are themselves translated along the fluid in the paths 
which form the apparent outline of the fluid. 

In this respect, therefore, this wave appears to me important as presenting 
a case of transition from ordinary fluid motion to wave motion. 

I found by observation on a mountain stream that waves 3i feet long rise 
in water moving at the rate of Si feet per second. 

Also, that waves 2 feet long rose in water moving at 2£ feet per second. 

These numbers coincide with those given in Table XXI. from which the 



63 

following approximate numbers are deduced. These numbers will enable an 
observer to judge of the velocity of a stream by inspection of the waves on 
the surface. 
The length of wave being 1 inch, the velocity of the stream per second is £ foot. 

» » »3 inches, „ „ „ »1 foot. 

» » 1 foot, „ „ „ 1 J feet. 

„ l±feet, „ „ „ 2 feet. 

» » 2 feet, „ „ „ 2 ffeet. 

„ „ *3ifeet, „ „ „ *3ifeet. 

>» n t> feet, „ „ „ 4j feet. 

» „ 7 feet, „ „ „ 5 feet. 

„ » 10 feet, „ 6 feet. 

„ # 30 feet, „ „ „ »10 feet. 

This Table is given for convenience of reference to observers, and it is 

useful and easy to recollect the velocities corresponding to S inches, 3£ feet, 

and 30 feet By these means it will be ea*y for observers to verify or correct 

these numbers. 

These waves are very peculiar in this respect, that they exhibit little or no 
tendency to lateral diffusion ; the breadth of a wave does not apparently ex- 
ceed the length of a wave, and is often much smaller. When a stream enters 
a large pool, its path acrom the pool is marked by these waves very distinctly, 
and the diminishing length of the waves accompanies the diminishing velocity 
of the stream, and at the same time indicates the extreme slowness with which 
diffusion takes place. 

The motion of the particles of water, as observed by a body floating on the 
surface, is this, the motion is retarded at the top of each wave and accelerated 
in the bottom, thus oscillating about the mean motion of the stream. The 
motion, as far as it can be observed by bodies floating near the surface, is a 
simple combination of a circular with a rectilineal motion. The disturbing 
body, the stone at the bottom, gives to the particles which pass over it the 
motion of eddy as indicated, Plate IX. fig. 2, and this being continued down- 
wards, and combined with the rectilineal motion of the particles, presents 
the cycloids! form of the wave. 

If we conceive a uniform revolving motion in a vertical p?ane communi- 
cated to a particle of water, the centre of the circle of revolution being at 
the same time carried uniformly along the horizontal line, Plate X^ then the 
path of the particle having these two motions is marked out by the cycloidal 
line 1,2, 3, 4, 5, 6» 7, 8, 9, 10, 11, 12 joining these points, and if every suc- 
cessive particle of the fluid have the same motions communicated to it, the 
simultaneous places of successive particles will give the line 1, 2, 3, 4, 5, 6, 
7, 8, &c. as the form of the surface of the fluid. It is to be observed that at 
A and C the direction of the motion of revolution is opposite to the motion 
of transference, and .*• the absolute velocity of the particle is diminished by 
the oscillating motion, while at B and D it is increased by an equal amount, 
and in the intermediate positions 3 and 9 it is neither increased nor dimi- 
nished. It is also to be observed, that when the motion of the water in the 
direction of transference is slowest (•'. e. when the motion of oscillation is 
opposite to the motion of transference), the transverse section of moving 
fluid is greatest, and when the motion of transference and of oscillation 
coincide, and the motion is quickest in the direction of transference, the trans- 
- verse section of the fluid is greatest. Thus we see how during a change of 
form the dynamical equilibrium of the fluid may be unchanged. 

The fluid may thus be conceived as moving with varying velocity along 
a channel of variable section, its upper surface being conformable to the 
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outline of tke wave. Henoe we might infer that a. rigid channel of varying 
area, of the form of this standing wave, would not interfere with the free 
motion of the fluid. 

And hence it may follow, that when the area of a pipe conveying fluid is 
to undergo a change, the best form of pipe or channel is indicated by the 
form of this wave. Thus the velocity has undergone a change between and 
4 which the form of a close pipe might render permanent 

In the examples already given, a solid impediment has generated the waves 
on the surface of the fluid. At the confluence of streams i have observed 
the same waves generated by the oblique action of one current on another 
meeting it in a different direction* 

The height and hollow of the fluid and the change of velocity are to be 
regarded as reciprocally the cause and effect each of the other, ifhe obstacle 
first retards the velocity of the fluid, so as to accumulate it above the obstacle, 
the water rises to a height due to this diminished velocity, and at all the 
particles of the stream pass through this area of the stream with a. diminished 
velocity, the area of transverse section must be increased at this point ; thus 
the elevation of surface, enlargement of section, diminution of velocity above 
the obstacle are its necessary consequences of that obstacle. Again, below 
the obstacle the accumulation above generates an additional velocity due to 
that height in addition to the mean motion of the stream ; the same volume 
of water which passed through the large area, with its increased section and. 
diminished velocity, being now a higher velocity, is transferred through the 
smaller area which allows its transmission. Thus the constant volume pass- 
ing down the stream varies its velocity with the conservation of its forces 
by means of a varying area of transference ; and thus we are enabled to con- 
ceive how the observed form of the surface becomes at once possible and 
necessary to the transmission of the fluid under the action of the disturbing 
force. 

I mm not aware that this species of standing wave in moving water has 
ever before been made the subject of philosophical examination. But I con- 
ceive that its study is highly important, especially in a theoretical view, as 
the means of conveying sound elementary conceptions of wave motion, as 
exhibiting the transition from the phenomena of water currents, to those of 
water waves, as the intermediate link between motions of the first degree 
and motions of the second degree, and as affording a basis from which we 
may commence, with some prospect of success, the application of the known 
principles and laws of motion to the investigation of the difficult theory of waves. 

Moving Waves of the Second Order — Sea Waves. — It is not difficult to pass 
from the conception of standing waves in running water to the conception of 
running waves in standing water. Let us first conceive the waves in Plate IX. 
to be formed in water running in the direction there indicated from right to 
left, with a given mean motion, and a given motion of uniform circular oscil- 
lation : and next let us conceive the whole water channel and waves to be 
transferred uniformly in the opposite direction with a velocity equal to the 
mean velocity of transference ; then the absolute motion of transference of 
the water will become nothing ; the waves formerly standing are now moved 
in the opposite direction with a velocity equal to the former mean velocity 
of the running stream, and the motion of oscillation remains. Thus, the 
running water becoming still, the waves become moving waves, and if we 
reverse the hypothesis once more, and conceive the waves which move with 
a given velocity to exist in water which has a motion of transference with 
equal velocity in the opposite direction, it is manifest that these waves run- 
ning up the stream as fast as the waters run down, the wave-crests remain 
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fixed in place. Thus then the same oscillating phenomenon which in stand- 
ing water gives moving waves, will give in moving water standing waves ; 
taking for granted always that the motions of oscillation are such as to be 
possible, consistent with the nature of the fluid, and independent of the com- 
mon mean motion of the fluid ; a condition equally essential to the possibility 
of the wave motion and of our conceptions of it 

I have been able accurately to observe the phenomena of wave motion in 
still water, the waves being of the second order and gregarious, under the 
following circumstances : — 

1. I have drawn a body through the water with a uniform motion, and 
have observed the group of waves which follow in its wake. 

2. I have propagated the negative wave of the first order, and observed 
the group of waves which follow in its wake. 

I have not observed in the results of these two methods any distinction of 
form, velocity, or other character. 

The form under which these waves appear has already been exhibited in 
Plate VI. figs. 9 and 10, and equally in Plate IX. figs. 1,2,3, and in Plate X. 
fig.l. 

I have made a series of observations by dragging a body through the water, 
the results of which are given in the following Table. I first made pre- 
paratory observations to find whether the form of body or depth of channel 
made any change on the phenomenon. I found that larger bodies and higher 
velocities made higher waves, but that the length and velocity of the wave 
were unchanged by either the form of body, or the depth of the channel, or 
the height of the wave. I observed that when the waves became high and 
broke, the elevation above the mean level was 6 inches, and the depression 
below it 2 inches, making a height total of 8 inches ; this was at a velocity 
of 6*25 feet per second. Immediately behind the body dragged through the 
water, the mean level appears to be considerably lowered. 

I examined the motion of oscillation of these waves by means of small 
floating spherules. Waves of the second order having a total height of half 
an inch, in water 4 inches deep made by a negative wave, were accom- 
panied by motion in a circle of half an inch diameter at the surface, and the 
particles below described also circles which rapidly decreased in diameter- 
and at 3 inches deep ceased to be sensible ; the waves were about one foot 
long. 
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Table XIX. 
Observations on the Length and Velocity of Waves of the Second Order. 

Column A the order and number of the experiments. 

Column B the number of seconds in which the waves were transmitted 
along 100 feet. 

Column C the aggregate length in feet of the number of waves in Column 
D. 

Column D the number of waves extending to the length in Column C. 

Column £ the length in feet of one wave from crest to crest 

Column F the velocity in feet per second given by experiment. 

These results are the means of many experiments, differing from each 
other not more than the examples preceding them, which have been given in 
detail as a fair specimen. 



A. 


B. 


c. 


D. 


E. 


F. 


A. 


I. 


33-2 


26-5 


10 


2*65 


3-OJ 


I. 


II. 


334 


26-5 


10 


2-65 


3*01 


II. 


III. 


31*6 


25* 


H 


2-94 


316 


III. 


IV. 


31-8 


25- 


** 


2-94 


314 


IV. 


V. 


31-8 


25* 


8* 


2*94 


3-14 


V. 


VI. 


30-4 


25- 


8 


3125 


3-29 


VI. 


VII. 


396 


25- 


'A 


3-26 


3-37 


VII. 


VIII. 


29*6 


25- 


3-26 


3-37 


VIII. 


IX. 


28-0 


25- 


7 


3-57 


3-57 


IX. 


X. 


284 


25- 


1 


3-57 


351 


X. 


XI. 


280 


25- 


7 


3-57 


3-57 


XI. 


XII. 


28-0 


25' 


7 


3-57 


3-57 


XII. 


XIII. 


28-0 


25- 


7 


3-57 


3-57 


XIII. 


XIV. 


28-0 


25- 


7 


3-57 


3-57 


XIV. 


txv.-xvn. 


26-8 


25- 


<H 


3-84 


3-72 


XV.-XVII. 


+ XVIII.-XXII. 


26-0 


25* 


6 


4-18 


3-84 


XVIII.-XXII. 


tXXHI.-XXVI. 


24-0 


25- 


5 


5-00 


4*16 


XXIII.-XXVI. 


tXXVIL-XXXIV. 


21-6 


25- 


4 


6*25 


4*62 


XXVII.-XXXIV. 



As these waves appear in groups, their velocity and lengths are easily ob- 
served and measured. I have reckoned as many as a dozen such waves in a 
group all about the same magnitude, so that the aggregate length of the first 
six was sensibly equal to the length of the second group of six. The method 
of observation was this : a given distance was marked off along one side of 
the channel ; an observer marked the instant at which the first of a group of 
secondary waves arrived at a given point, while another observer at the fur- 
ther end of the given distance counted the number of waves as they passed, 
and marked the point at which the last had arrived when the signal was 
given that the first wave had reached the other station ; thus it was observed 
that in a group of waves moving over 100 feet in 28 seconds, there were 
seven comprehended in a distance of 25 feet, whence 



28 
100 
25 



=3*57 feet per second for the velocity of the wave, and 



— =3*57 feet as the length of the wave. 

Also, since the wave passes along 3*57 feet its own length in one second, 
its length divided by the velocity gives 1 second as the period of one com- 
plete oscillation* 
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The velocity of the wave of the second order, the length from the crest of 
one wave to the crest of the next, or from hollow to hollow, and the time of 
passing from one crest to another, called the period of the wave ; these are 
the principal elements for observation. 

These elements are calculated for the convenience of observers in the 
Table XXI. It will also be observed that the circles which represent the 
oscillatory motion of the water particles (Plate X.), showing the Wave 
Motion of the Second Order, diminish very rapidly with the increasing depth 
of the particles below the surface of the water at the lowest part of the * ave. 
By my observations I found that in high waves at a depth = £rd of a wave 
length, the range of oscillation, of the particles is only about ^th of that of 
particles on the surface*. 

* I have here to express the favourable opinion which I have formed of a wave theory given 
to the world by M. Franz Gerstner, so early as 1801*, and reprinted in the work of the MM. 
Weber, to whom I am indebted for my acquaintance with this theory. Gerstner 'a theory is 
characterized by simplicity of hypothesis, precision of application, its conformity with the 
phenomena, and the elegance of its results. It is not without faults, yet I cannot agree with 
the Messrs. Weber, nor with MM. Professors Mollweide and Mobius, in the precise opinion at 
which they arrive, although I confess I could wish that he had assumed as an hypothesis the 
doctrine which in (14.) he deduces as a conclusion from hypotheses less firmly established than 
this conclusion, unless indeed we should esteem it an argument in favour of his hypothesis, 
that it conducts him directly to a conclusion of well-known truth. Neither do I find that his 
hypotheses are so much at variance with the actual conditions of the waves I have observed, 
as they appear to be in MM. Weber's view of their own experiments. The calculations of 
M. Gerstner are applied primarily to a kind of standing oscillation. But it does not appear to 
me that his calculations ought to be applied in any way to the standing oscillations which M. 
Weber reckons to be their closest representation. In M. Gerstner's first part of the work the 
wave form is standing, wave oscillation is circular, the fluid is in motion, and the particle paths 
are identical with the lines which indicate the form of the wave. I conceive, therefore, that 
the wave which he has examined, and the conditions of its genesis, find a perfect representative 
in my standing waves of the second order, in running water, which I have represented in Plates 
IX. and X. From this hypothesis it is not difficult to arrive at the moving wave of standing 
water, for if we conceive the whole channel moved horizontally along in an opposite direction 
with a velocity equal to the horizontal velocity of transference, the particles will then be re- 
latively at rest, the cycloidal waves become moving forms, the particle paths stationary circles, 
and the motion of transmission of the wave equal and opposite to the former mean horizontal 
motion of transference of the particles. In short, they become moving waves of the third order, 
the common waves of the sea. 

From M. Gerstner's investigations we obtain the following results, for oscillating waves which 
correspond to our second order : — 

1. Waves of the same amplitude are described in equal times independently of their height. 
(This corresponds with the results of our experiments.) 

2. Waves are transmitted with velocities which vary as the square roots of their amplitudes. 

3. The waves on the surface are of the cycloidal form, always elongated, never compressed; 
the common cycloid being the limit between the possible and impossible, the continuous and 
the broken wave. 

4. The particle paths in the standing waves of running water are cycloids, which on the sur- 
face are identical with the wave form, and below the surface have the same character with the 
wave lines of the surface, the height of the waves only diminishing with the increase of depth. 

5. The particle paths of moving waves in standing water are circles corresponding to the 
circles of height of the cycloidal paths ; the diameters of these circles of vertical obcillation di- 
minish in depth as follows. Let 0, u, 2 «, 3 «, &c. be depths increasing in arithmetical pro- 

greasion, then b,b$ ° , 6i «# 6 i a, which decrease in geometrical proportion, are the 
ratio of the diminishing diameters of vertical oscillation. Thus, if 0, £ «, f a, $ a, &c. be depths, 
a, 0*6065 a, 0*3679 a, 0*2231 a, 0*1353 a, are the ranges. 

6. The forms of these paths and the circles of oscillation are shown in Plate X. fig. 1, which 
has been drawn with geometrical accuracy from the data of M. Gerstner's theory, and it is at 
the same time the most accurate representative I am able to give of my observations on the 
wave of the second order. 

* Theorie der Wellen. Prague, 1604. 
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One observation which I have made is curious. It is, that in the case of 
oscillating waves of the second order, 1 have found that the motion of pro- 
pagation of the whole group is different from the apparent motion of wave 
transmission along the surface ; that in the group whose velocity of oscilla- 
tion is as observed 3*57 feet per second, each wave having a seeming velocity 
of 3*57, the whole group moves forward in the direction of transmission with 
a much slower velocity. The consequence of this is a difficulty in observing 
these waves (especially such as are raised by the wind at sea), namely, that 
as the eye follows the crest of the wave, this crest appears to run out of 
sight, and is lost in the small waves in which the group terminates. The 
termination of these groups in a series of waves becoming gradually smaller 
and smaller, vet all continuous with the large wave, is curious and leads to a 
curious conclusion. It is plain that if these large waves are moving with the 
same velocity as the small ones, this result would be inconsistent with the 
other experiments. But if we conceive each to be transmitted with the 
velocity due to its breadth, we shall have the velocity of oscillation varying 
from point to point in the same group of waves, but it will be impossible 
always to measure this velocity directly as it may be continually changing. 
There is to be observed, therefore, this distinction in a group of waves of the 
second order, between the velocity of individual wave transmission and the 
velocity of aggregate wave propagation* 

I have not found it possible to measure this velocity of aggregate propa- 
gation of a group of waves, from want of a point to observe. & I fix my eye 
upon a single wave, I follow it along the group, and it gradually diminishes 
and then disappears ; I take another and follow it, and it also disappears. 
My eye, in following a wave crest, follows the visible velocity of transmission 
merely. After one or two such observations, I find that the whole group of 
oscillations has been transferred along in the direction of transmission with a 
velocity comparatively slower; but I have not been able to measure this 
velocity of propagation of the wave motion from one place to another. 

We have already seen that the velocity assigned by Mr. Kelland and Mr. 
Airy falls much short of that of the wave of the first order, to which they 
have thought their results were to be applied. Their results are much nearer 
to that of the secondary wave, so that it may be questioned whether they 
should not have applied their results to that rather than the other. Thus 
by comparing Table XXI. with Table XVIII., it will be found that while the 
velocity of a wave of the first order, about 6 feet long, is from 5'5 to 8 feet per 
second, according to the height, that of a wave of the second order is only 
4*62 feet, which is much nearer to their results. There remains however 
this difficulty, that high and low waves of the second order of equal length 
have equal velocities. 

On Observations of the Waves of the Sea* — The chief difficulty in obtain- 
ing accurate measures of sea waves consists in this fact, that the surface is 
seldom covered with a uniform series of equidistant equal waves, but with 
several simultaneous groups of different magnitude or in different directions. 
If there exist more groups than one, the resulting apparent motion of the 
surface will be extremely different from the motion of either, and may be 

7. The period of wave oscillation is <=»*\/ _• 

8 

8. The Telocity of wave propagation is v^ f> J%ag % a being the radius of tne wave cycloid 
generating circle. ^ 

9. It follows that the length of a pendulum isochronous with the wave is less than the wave 
length in the ratio of the diameter of a circle to its semi -circumference. Newton made these 
equal These last three results are inconsistent with my observations on transmission. 

i2 
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apparently in an opposite direction from that of the actual motion" of the in- 
dividual series themselves. 

Besides the coexistence of different series of waves, we have the difficulty, 
arising from the fact already mentioned, that a difference exists "between the 
velocity of transmission and the velocity of propagation. From this it results, 
that after the eye has followed the apparent ridge of a wave, moving with a 
given velocity of transmission, it will outrun the velocity of propagation, 
and the wave will appear to cease. This I have continually observed at sea. 
The eye follows a large wave and suddenly it ceases to pass on, but on look- 
ing back we find it making once more an appearance on the same ground 
along which we formerly traced its ridge ; this arises from the cause just 
mentioned. 

But there are still many occasions on which tolerable observations may be 
made, and the best will be such as are least complicated by separate systems. 
The best observations of this kind I have been able to obtain were made for 
the Committee of the British Association, by the Queen's Harbour- master at 
Plymouth, William Walker, Esq., who has paid much attention to this sub- 
ject He observed the waves as they traversed a space of about half a mile, 
between two buoys, noting the time of passing, and also the number of waves 
in the distance between the buoys, whose distance was accurately known. 
He remarks that in counting the number of waves, great difficulty was found 
in following a single wave along this space. In fact, as we have already 
shown, a wave will be often found to fall behind its expected place. 

The resulting velocities got from Mr. Walker's experiments are very 
various. But on taking out of the others all those which are mentioned by 
Mr. Walker as having causes of uncertainty, I found those which remained 
very close to those given in Table XXI. 

The following is the Table of observations on sea waves. 

Distance traversed about half a mile ; depth 40 to 50 feet. 



^ 
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Table XX. 



Observations on the Length and Velocity of Waves of the Second Order. — In 

the Sea. 

Height of ware 

in feet above Remarks at the time of Observations, 
mean level. 

2{ A fresh breeze blowing. 

2f Waves not easily traced. 

4 High seas overtake smaller ones. 
4-J- These waves came down channel. 
4^- Long low swell. 
4^- Small waves merged in large ones. 

a*. J* Height of wave correctly measured, they 
I break in 5 and 6 fathoms water. 

? Strong S.W. wind. 

? Waves running high and breaking. 

5 Long low swell. 
5 Waves generated by wind of yesterday. 
4 Waves crowd near the beach. 

irregular. Shifting wind, 
regular. Easterly winds. 
Of these there are five which coincide with my observations and with my 
tables, Nos. XIX. and XXI. ; and it is curious that these five are those which 
are made in the most unexceptionable circumstances. No. II. has the remark 
that the waves are not easily traced. No. III. has a mixture of waves, which 
always causes great confusion and difficulty of observation. No. V. and 
No. X. are long and low, and therefore not easily traced, and so on ; but 
Nos. I., IV., VI(.» XL, XIV., are unexceptionable, and are compared with my 
formula in the following Table : — 



Wave length. 


VeLpereec. 


Vel. per hour. 


feet. 


feet. 


males. 


I. 110-5 


20-2 


11-9 


II. 175-0 


34-3 


20-3 


III. 302- 


37-0 


21-9 


IV. 345- 


37-0 


21-9 


V. 306- 


37-0 


21-9 


VI. 408' 


41-2 


24-2 


VII. 442- 


41-8 


24-7 


VIII. 450- 


44-7 


26-5 


IX. 460* 


46-0 


27-2 


X. 345- 


46-0 


27-2 


XI. 394- 


38-3 


22-7 


XII. 345- 


41-5 


24-5 


XIII. 306- 


36-8 


21-6 i 


XIV. 460- 


42-5 


25-2 





Length of ware 
observed. 


Velocity of ware 
observed. 


Velocity of ware 
calnilatfd. 




feet. 


feet per tec. 




I. 


110-5 


20-2 


19-5 


IV. 


345- 


37-0 


35- 


VII. 


442- 


41-8 


40* 


XII. 


394- 


38-3 


37- 


XIV. 


460- 


42- 


40* 



We may therefore continue to use Table XXI. for the velocity of sea waves, 
unless we obtain further and decisive experiments to the contrary. It does 
not appear that sea waves present any characteristic to distinguish them from 
other oscillating waves of the second order which I have experimentally ex- 
amined. 

It also follows that these waves coincide with my observations, that the 
depth of water is the limit of the height of waves ; see No. VII., where waves 
27 feet high, break in water of 5 to 6 fathoms. 

How it happens that individual large waves should ever arise in the sur- 
face of a large sea, uniformly exposed to the action of the wind, is not very 
obvious. Thus much is plain — that if a wave, greater than those around it, 
be generated by a local inequality of the wind, or by one of the moving whirl- 
pools which we know to be so common, that wave will be increased con- 
tinually by the presence of other waves coexisting with it, for when these 
other waves are crossing the top of this larger wave, they are suddenly ex- 
posed to increased force by the obstruction they present to the wind, and 
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being cusped in form by the coincidence of the crests, they are in a position 
of delicate equilibrium easily deranged ; and the derangement producing a 
breaking of the wave, the disintegrated fragments of the smaller wave de- 
tached from it, leave it smaller, and increase by an equal quantity the mag- 
nitude of the larger. 

This exaggeration of an individual wave or group is increased by the 
phenomenon already noticed, that the velocity of wave transmission may 
be very different from the velocity of wave propagation. A large wave of 
the sea remaining in a state of much slower motion than the motion of wave 
transmission, being traversed by another series of different velocity, exposes 
them successively on its summit to the increased action of the wind to disin- 
tegration, thus making them tributary to its own further accumulation ; such 
phenomena I have often noticed at sea ; the wave appears to over-run itself; 
and the wave behind seems to take its place and acquire the magnitude and 
form it has appeared to lose ; but it is the same wave which remains behind it, 
and its motion is merely a deception, or rather it is as explained in a pre- 
ceding paragraph. 

The final destruction of the waves of the sea, as they expend their strength 
and conclude their existence on the rocks and sands of the shore, is a subject 
of interesting study and observation. The sea-shore after a storm is a scene 
of great grandeur ; it presents an instance of the expenditure of gigantic 
forces, which impress the mind with the presence of elemental power as sub- 
lime as the water-fall or the thunder. It is peculiarly instructive to watch 
these waves as they near the shore : long before they reach the shore they 
may be said to feel the bottom as the water becomes gradually more shallow, 
for they become sensibly increased in height ; this increase goes on with the 
diminution of depth and a diminution of length likewise as the wave becomes 
sensible ; finally, the wave passes through the successive phases of cycloidal 
form, as in Plate X., and becoming higher and more pointed, reaching the 
limit of the cycloid, assumes a form of unstable equilibrium, totters, becomes 
crested with foam, breaks with great violence, and continuing to break, is 
gradually lessened in bulk until it ends in a fringed margin on the sea-shore. 
But there are a variety of questions to be determined concerning this shore 
wave or breaking surf. Why and how does it break ? What happens after 
it begins to break ? What are the relative levels of the waves and of the 
water? What is the mean level of the sea, and what sort of waves are 
breakers ? 

It is not at first obvious what form the mean level of the sea will assume 
on a sloping beach sea-ward on which heavy breakers are rolling. It is 
plainly not level ; the action of the wind is known to heap the water up on it. 
The impetus of the waves also must raise it to some height due to their ve- 
locity and force. Hence the mean surface of the sea will form a slope 
upwards towards the sea-shore ; and this slope will form a continual and 
uniform current of water outwards towards the sea, except when it is directly 
opposed by the action of the wave in the opposite direction. 

There is a phenomenon of some importance in breaking waves, to which 
I have directed attention ; it is this, that the wave of the second order dis- 
appears, and that a wave of the first order takes its place. It is to be observed 
as follows : — In waves breaking on a shore, I have observed a phenomenon 
which is curious and not without importance. The wave of the second order 
may disappear, and a wave of the first order take its place. The conditions 
in which I have noticed this phenomenon are as follows* One of the com- 
mon sea waves, being of the second order, approaches the shore, consisting 
as usual of a negative or hollow part, and of a positive part elevated above 
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the level ; and as formerly noticed, this positive portion gradually increases 
in height, and at length the wave breaks, and the positive part of the wave 
falls forward into the negative part, filling up the hollow. Now we readily 
enough conceive that if the positive and the negative part of a wave were 
precisely equal in height, volume, and velocity, they would, by uniting, exactly 
neutralize each other's motion, and the volume of the one filling the hollow 
of the other, give rise to smooth water; but in approaching the shore the positive 
part increases in height, and the result of this is, to leave the positive portion 
of the wave much in excess above the negative. After a wave has first been 
made to break on the shore, it does not cease to travel, but if the slope be gentle, 
the beach shallow and very extended (as it sometimes is for a mile inwards 
from the breaking-point, if the waves be lafge), the whole inner portion of 
the beach is covered with positive waves of the first order, from among which 
all waves of the second order have disappeared. This accounts for the phe- 
nomenon of breakers transporting shingle and wreck, and other substances 
shorewards after a certain point ; at a great distance from shore, or where 
the shores are deep and abrupt, the wave is of the second order, and a body 
floating near the surface is alternately carried forward and backward by the 
waves, neither is the water affected to a great depth ; whereas nearer the 
shore, the whole action of the wave is inwards, and the force extends to the 
bottom of the water and stirs the shingle shorewards ; hence the abruptness 
also of the shingle and sand near the margin of the shore where the breakers 
generally run. 

I have observed this most strikingly exemplified in Dublin Bay after a 
storm: there is a locality peculiarly favourable to the study of breaking 
waves above Kingston, where over an extent of several miles there is a broad, 
fiat, sandy beach, varying in level very slightly and slowly. Waves coming 
in from the deep sea are first broken when they approach the shallow beach 
in the usual way ; they give off residuary waves, which are positive ; these 
are wide asunder from each other, are wholly positive, and the space between 
them, several times greater than the amplitude of the wave, are perfectly fiat, 
and in this condition they extend over wide areas and travel to great dis- 
tances. These residuary positive waves evidently prove the existence, and 
represent the amount of the excess of the positive above the negative forces 
in the wind wave of the second order. See Plate III. fig. 7. 
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Table XXI. 

Length, Period and Velocity of Transmission of Waves of the Second Order. 

A the length of the waves (observed) in feet. 

B the period of the waves in seconds. 

C the velocity of the waves in feet per second (by observation). 

D the velocity of the waves in feet per second, calculated by formula. 



A. 


B. 


c. 


D. 


A. 


A. 


B. 


c. 


D. 


A. 


001 


•053 




•1889 


0-01 


8 


1-496 




5-344 


8 


0-05 


•118 




•4224 


0*05 


9 


1-587 




5-667 


9 


0-1 


•167 




•5975 


0-1 


10 


1-670 




5-975 


10 


0-25 




1-00 






20 


2-366 




8-45 


20 


0-3 


•290 




1-034 


0-3 


30 


2-90 




10-34 


30 


0-5 


•374 




1-336 


0-5 


40 


3-34 




11-95 


40 


0-7 


•443 




1-580 


0-7 


50 


3 74 




13-36 


50 


1-0 


•529 




1-889 


1-0 


100 


5*29 




18-89 


100 


1-2 


•579 




2-070 


1-2 


110 




20- 


19-5 




15 


•648 




2-314 


1-5 


200 


7*48 




26*72 


200 


17 


•690 




2-463 


1-7 


300 


916 




32-73 


300 


2-0 


•748 




2-672 


2-0 


346 




37* 


35* 




2*2 


.781 




2-802 


2-2 


894 




38- 


37- 




2-4 


•820 




2-927 


2-4 


400 


10-58 




37-78 


400 


2-65 


•862 


3*01 


3-075 


2-65 


442 




42 


40- 




2*4 


•907 


315 


3-240 


2-94 


460 




42- 


40- 




3-00 


•916 




3-273 


300 


500 


11*83 




42-25 


500 


312 


•934 


329 


3-338 


3-12 


1,000 


16-70 




59-75 


1,000 


3-26* 


•955 


3-37 


3-411 


3-26 


2,000 


23*66 




84-5 


2,000 


3-57 


1-000 


3-57 


3-57 


3-57 


3,000 


29-0 




103-4 


3,000 


3*84 


1-038 


3-72 


3-702 


3-84 


4,000 


33-4 




119-5 


4,000 


4-00 


1-058 




3-778 


4-00 


5,000 


37-4 




133-6 


5,000 


4*18 


1-095 


3-84 


3-909 


418 


10,000 


52-9 




188*9 


10,000 


4-50 


1122 




4-008 


4-50 


20,000 


74-8 




267*2 


20,000 


4-70 


1147 




4-096 


4-70 


30,000 


91-6 




327-3 


30,000 


5-00 


1183 


416 


4-225 


5-00 


40,000 


105-8 




377*8 


40,000 


6-00 


1-296 




4-628 


6-00 


50,000 


118-3 




422*5 


50,000 


6-25 


1*323 


4-62 


4724 


6-25 


100,000 


167*0 




5975 


100,000 


6*5 


1-349 




4-817 


6-5 


500,000 


374-0 




1336-0 


500,000 


7 


1-400 




4-999 


7 


1,000,000 


529-0 




1889*0 


1,000,000 
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Section III.— WAVES OF THE THIRD ORDER. 



Capillary Waves. 
Character Gregarious. 

™— {ST 1 

T . f Dentate waves. 

Instance9 {Zephyral waves. 

Capillary Waves. — If the point of a slender rod or wire, being wet, be 
inserted in a reservoir of water perfectly still, to a minute depth, say one- 
tenth part of an inch below the surface of repose, it is known that the surface 
of the water will visibly rise in the vicinity of this wire, being highest in the 
immediate vicinity of the wire, and gradually diminishing until it cease to bo 
sensible. I have examined this elevation by reflected rays from the surface, 
and I find that this elevated mass does not sensibly rise from the surface at 
more than an inch distance from the centre of the rod, the rod itself being 
one-sixteenth of an inch in diameter. 

4 This statical phenomenon belongs to a well-known class of phenomena, 
which have been experimentally examined by many philosophers, and success- 
fully explained by Dr. Thomas Young and Laplace, and recently investigated 
very fully and completely by M. Poisson, in his profound work entitled, ' Nou- 
velle Throne de 1' Action Capillaire,' Paris, 1831. An admirable Report on the 
present state of our knowledge of the phenomena of capillary attraction will 
be found in the Transactions of the British Association, vol. ii. All that it is 
necessary for my present purpose to advert to on this subject is, that the phe- 
nomena of elevation of fluids by capillary attraction, are chiefly due to the 
condition of tension of the superficial particles of the water under the influence 
of a force acting on these superficial particles at insensible distances only, or 
by physical contact or adhesion. These superficial particles form a chain, or 
catenary, or lintearian curve, one end supported by the immediate adhesion 
of one extremity to the solid body at a given height above the water, the 
other end lying on the surface of the water, the underlying particles being 
suspended immediately by their mutual adhesion to this superficial film. 
M. Poisson especially has shown that " capillary phenomena are due to mole- 
cular action, modified by a particular state of compression of the fluid at its 
superficies." I have been thus particular for the purpose not only of ex- 
plaining my meaning in a future article, but also to justify a term which I 
am desirous of introducing here as an expression not only convenient, but 
also philosophically sound. 1 have called the phenomena noticed in this 
section Capillary JVave$ y because they appear to me to present themselves 
exclusively in the thin superficial film which forms the bounding surface of 
the free liquid, and which is already recoguised in the known hydrostatical 
phenomena of capillary attraction, and which if I may be allowed, I will call 
the capillary film 

By capillary waves 1 therefore designate a class of hydrodynamical phe- 
nomena, which exhibit themselves when particles of water are put in motion 
under the action of such forces as when at rest produce the usual hydrosta- 
tical capillary phenomena. Let the slender rod already alluded to, as sup- 
porting a capillary column, bounded by a concave surface of revolution, be 
moved horizontally along the surface of the fluid with a velocity of one foot 
per second, and we shall have exhibited to us all the beautiful phenomena re- 
presented in Plate XI. In order to produce these phenomena, it is only 
necessary that the slender rod touch the surface without descending to any 
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sensible depth ; and the depth to which it descends in po sensible manner 
affects the phenomenon. I have called these phenomena capillary waves. 

Free Capillary Waves. — If the point of a rod sustaining a capillary column 
be suddenly raised, so as to allow the capillary film to remain without support, 
it descends and propagates through the capillary film an undulation which dif- 
fuses itself in every direction circular-wise, in a small group of about half a 
dozen visible waves which soon become insensible. Or if a very slender silk 
fibre, stretched horizontally along the surface of the water, be first wetted, and 
made to sustain a long strip of the capillary film, and then suddenly with- 
drawn, leaving a ridge of unsupported fluid, waves parallel to this are gene- 
rated, which remain longer visible, are short and narrow at first, and becoming 
longer and flatter, at first about a quarter of an inch in amplitude from ridge 
to ridge, and about half a dozen in number, they become an inch in amplitude 
about the time when they are last visible ; their longevity does not exceed 
twelve or fifteen seconds, and their visible range eight or ten feet* 

These latter are what I designate the free capillary waves ; the former class, 
shown in Plate XI , existing under the continued influence of the disturb- 
ing force, may be called the forced species of this order of wave. As forced 
waves, and while under the influence of the exciting body, they may appa- 
rently attain great velocity ; but if the disturbing body be suddenly removed, 
they immediately expand backwards from the place where they were crowded 
by the solid point, and becoming all of nearly equal breadth, move forward 
together as free waves for twelve or fifteen seconds, at a rate of 8£ inches 
per second. 

Forced Capillary Waves. — I have already stated that if a slender rod 
or wire, one-sixteenth of an inch in diameter, be inserted, after having been 
wetted, into water in repose, there will be raised all round this rod a column of 
fluid by the action of the capillary forces, as indicated at figure 2, Plate X. 
I have stated that this surface may be observed by reflexion to extend on every 
side about an inch, forming a circular elevation, bounded by a surface of re- 
volution round the axis of the rod as a centre ; the line which divides the 
elevated from the level surface being a circle of two inches in diameter. 
When this rod is moved horizontally along the surface of the fluid, the form 
of the elevated mass changes ; before the disturbing point the extent of 
elevation diminishes, and the outline of the capillary volume of fluid sustained 
by the cylinder ceases to be a figure of revolution, becoming distorted as 
at fig. 3. At a velocity of about eight inches per second, the capillary 
volume has taken the bifurcate form, fig. 6, and a small wave, b b> about an 
inch broad, is visible before the disturbing point, and a ridge, a a, begins to 
manifest itself, diverging from the disturbing body ; at about ten inches per 
second there become visible distinctly three waves, the disturbing body being 
in the middle of the first a, and the sum of the length of waves b and c, 
being about an inch. At higher velocities than this, the waves increase 
rapidly in number, diminish in amplitude, and extend out in length, spreading 
into the form indicated in Plate XL, which is formed at a velocity of 60 feet 
per minute, or of 12 inches per second. 

As the velocity increases, the following changes are to be observed : — 
1 . The waves diminish in amplitude from ridge to ridge ; that is to say, de- 
nominating the wave in which is the disturbing body ridge a, and the others 
in succession before the point bed, &c. the first space of an inch forward, in 
the direction of motion contains at a velocity of 12 inches per second, or 60 
feet per minute, besides a, 3 ridges bed; at 65 feet per second, 4 ridges 
b c d e; at 72 feet per second there are in the first inch formed ^ve ridges 
bed ef, and so on. This crowding of the ridges with the velocity is given 
in the following Table : — 
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Table XXII. 

Observations on the Velocity, Distance, and Divergence of Waves of the 

Third Order. 

Column A contains the time in which the disturbing body, a wire of one- 
sixteenth of an inch in diameter, was drawn with a uniform motion along 
distances of 12 feet each-; each experiment being frequently repeated. 

B and C are the corresponding velocities of the disturbing body. 

D, E, F are the number of complete waves, reckoning from hollow to hol- 
low, contained in each successive inch from the centre of the disturbing 
wire, formed in the direction of the motion of the wire. 

G. The numbers in this column are measures of the divergence of the first 
wave from the path of the exciting wire, measured at 25 inches behind that 
wire, and of course these numbers are tangents to the radius 25 for the angle 
of divergence. 

H contains the angles deduced from the numbers in G. 

Observations on the Capillary Waves. 
See Plate XI. 





A. 


B. 


C. 


D. 


E. 


F. 


o. 

Tang, of 
angle to 


H. 
Angle of crest 


No. of wave* observed before 




Time of 


Velocity 


Velocity 


the disturbing body, 


of first wave oa, 




describing 
IS feet. 


in fact 


in feet 




with direction 
of disturbing 




per tec. 


permin. 


In first 


in second 


in third 


radius 
Sft. 










inch. 


inch. 


inch. 




bodies. 


I. 


19 


1 


60 


3 


4 


5? 


25 


4°5 ' 


II. 


11 


1* 


65 


4 


5 


6? 


21 


40 


III. 


10 


ItV 


72 


5 


6 


7? 


17 


34 


IV. 




1* 


80 


6 


7 




14 


29 


V. 


8 


1* 


90 


7 


8 




11 


24 


VI. 


7 


1* 


103 


8 






9 


20 


VII. 


6 


2 


120 


9 






8 


18 


VIII. 


5 


2* 


132 








7 




IX. 


4 


3 


180 








6 





The crowding of the ridges is not the only phenomenon that accompanies 
the increase of velocity of the moving point ; the first wave, that whose ridge 
is in the focus, scarcely differs from a straight line, and the angle which it 
makes with the path of the disturbing point, diminishes with the increase of 
velocity ; the divergence of the first wave from the path of the exciting body 
is given in another column by an observation of the distance of the wave 
from that path at a given distance behind the body. These numbers show 
that the velocity of the wave, taken at right angles to the ridge, is nearly that 
of the free wave. This angle therefore ^becomes an index of the relation of 
the velocity of disturbance to the velocity of wave propagation. 

The form of the wave ridges appears to be nearly that of a group of confocal 
hyperbolas, the exciting body being in the focus. 

I have found the numbers given in columns C, D and E, to be determined 
by the velocity of the disturbing body, and quite independent of its size 
and form. But while I have found the number of ridges in an inch at a 
given velocity to be thus invariable, I have not found the number of inches 
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over which these vibrations range to be equally invariable. At a velocity of 
100 feet per minute, they may sometimes be observed advancing only over 
the first two inches before the point ; then suddenly the vibrations will spread 
out, not increasing in magnitude but in number to thirty or forty, extending 
along many inches in advance of the disturbing point, and covering ten or 
twelve square feet with an extension of the representation in Plate XL Then 
suddenly without apparent cause, they will subside and become visible only 
as a thin narrow belt, comprising the two or three waves nearest the disturb- 
ing body, and as suddenly will again spread out over the surface of the water. 
The play of this beautiful symmetrical system of confocal hyperbolas is a 
phenomenon not inferior in beauty to some of the exquisite figures exhibited 
by polarising crystals. I have found that the purity of the water had much 
to do with the extent and range of this phenomenon ; that any small particles 
loading at a few points the capillary film was sufficient to derange the propa- 
gation of these waves, and prevent their distribution over a wide range ; but 
I have not found that the agitation of the water at all affected the formation 
of these waves. 

It is perhaps of importance to state that when these forced waves were 
being generated, I have suddenly stopped or withdrawn the disturbing point, 
that the first wave immediately sprang back from the others, showing that it 
had been in a state of compression — that the ridges became parallel, and 
moving on at the rate of s\ inches per second, disappeared in about 12 
seconds. 

The manner in which the divergence of the ridge passes through the 
point of disturbance is shown in the annexed diagram. A B is the path of 
disturbance, the disturbing point being in B ; a rod B A is 25 inches long ; 
B C is the diverging wave ridge ; a graduated rod A, C projects from A B at 
the point A, 25 inches behind B, on which are observed the distance of the 
wave from A along A C, registered in Col. b t Table XXIII. 

A e ■ 

If a body move with a given velocity along a 
known line A B, the side A C being measured at 
right angles to the line of direction A B, and 
cutting, in C, the line B C which represents the 
ridge of the wave proceeding from the moving 
body B ; it is required to find the velocity of the 
wave in the line A D perpendicular to its ridge. 



As the triangle A B C is right-angled, sin B= ? ! ° Ax6 ; 

Vb*+c* 

and since the triangle A B D is right-angled, ar= 8in * - ? ; 

hence, the time being the same as that in which A B is described, the ve- 
locity is at once obtained. 

Table I. contains some observations which were made with a view to the 
investigation of the ratio subsisting between these velocities. The sides and 
angles are indicated by the same letters which are used in the diagram. 
* <?, its velocity, and b being given ; a?, its velocity, and B were calculated by 
means of the preceding formulae. 




Table XXIIL 

. Comparison of Experiments on the Divergence due to given Velocities of 

Genesis. 

Column c is the constant measure in inches taken along the path of gene- 
sis A B in the figure ; the adjacent column is the velocity of genesis along 
A B in inches per second. 

Column b is the length A C, measured by observation in a direction at 
right angles to A B. 

Column x is the length of x deduced from the measure b, and the adjacent 
column shows the corresponding deduced velocity of the wave at right angles 
to its ridge. 

Column B shows the angles of divergence given by these observations. 

Column b 1 and B' are numbers corresponding to b and B obtained from 
the supposition that the velocity of the wave in a direction at right angles to 
its own ridge is constant and precisely equal to the velocity of the free wave, 
viz. 8£ inches per second. The deviations of b' and B' from b and B were 
chiefly due to disturbance of the fluid produced by the apparatus employed 
in genesis. 





Velocity 




[Velocity 








e. 


in inches 
per tec. 


b. 


jr. in inches 
'per tec. 


B. 


be. 


vf. 


25 


12 


25 


17-67 


8-49 


o / // 
45 


25-0 


45 


35 


13 


21 


16-07 


8-37 


40 1 


21-60 


40 49 48 


25 


14-4 


17 


14 05 


8-10 


34 13 7 


18-27 


36 10 26 


25 


16.0 


14 


1216 


7-79 


29 7 46 


15-67 


32 5 23 


25 


18-0 


11 


10-05 


7-28 


23 42 55 


1338 


28 9 32 


25 


20-6 


9 


8-44 


6-98 


19 44 43 


11-31 


24 21 24 


25 


240 


8 


7-61 


7-31 


17 43 22 


9*46 


20 44 27 


25 




7 


6-74 




15 38 35 






25 




6 


5-83 




13 29 44 







Various considerations induced the acceptance of a constant velocity along 
x of 8*5 inches per second. The deviations from it in the increasing veloci- 
ties are due principally to the disturbance of the fluid by the peculiar method 
of genesis in that instance employed as most convenient On this assump- 
tion the values of b were calculated by the following formula and placed in 
the column b\ and the values of the angle B found in this manner are written 
under B'. 

In the triangle A B D, sin B= 8inDx * ; 



whence in the triangle A C D, £= 



sinDx.? 



sinC * 

From what has been said, it follows that there can be no difficulty in cal- 
culating the velocity of a body or current from the divergence of the capillary 
wave. 

Let b represent the«amount of divergence per foot, the time in which a 
foot will be described, and consequently the velocity per second, can be ob- 
tained by the formula? which were first given ; thus, finding the length of x, 
and its velocity being known, the absolute time occupied can at once be 
found, which time is that in which the moving body traverses one foot In 
Table IL, columns A, B, contain the divergence of the wave expressed in 
inches per foot, and the corresponding velocity in inches per second. 
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Table XXIV. 

For determining the Velocity of Currents or Moving Bodies by Observations 

of Divergence. 

Column A gives the divergence from the path of disturbance measured at 
right angles to the path, in inches per foot of distance from the disturbing 
point 

Column B gives the corresponding velocity in inches per second, measured 
along the direction of the stream or the path of the disturbing point. 

Column C contains the angle, which may be observed, at which the wave 
passes off from the disturbing point, and gives in degrees its divergence from 
the direction of the stream or the path of the disturbing point. 

Column D gives the velocity in inches per second corresponding to the 
angles in C. 



A. 


B. 


c. 


D. 


12 


12-0 


& 


9-81 


11 


12-62 


55 


10-37 


10 


1349 


50 


11-09 


9 


1416 


45 


1202 


8 


15-38 


40 


13-22 




170 


35 


14-82 


6 


19-08 


30 


17-0 


5 


2210 


25 


2012 


4 


27-0 


20 


24*85 


3 


3513 


15 


32-84 


2 


51-77 
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When the angle of divergence is given, the process is facilitated, as one of 
the equations used in the previous case has for its sole object the finding of 
that angle ; in Table II., columns C, D, contain the velocities in inches per 
second corresponding to the given angle of divergence. 

Waves of a similar description with those I have here examined, appear 
first to have been noticed by M. Poncelet, in the course of the valuable 
experiments made by him and M. Lesbros, which are published in their 
•Memoire sur la depense des orifices rectangulaires verticaux a grandes di- 
mensions present^ & l'AcadSmie Royale des Sciences,' 16th November, 1829. 
In a notice in the 'Annates de Chimie et de Physique,' vol. xlvi. 1831, 
" Sur quelques ph6nomenes produits & la surface libre des fluides, en repos 
ou en mouvement, par la presence des corps solides qui y sont plus ou moins 
plonges, et specialement sur les ondulations et les rides permanentes qui en 
resultant," M. Poncelet gives the following description of the phenomena. 

" Lorsqu'on approche leg&rement l'extr6mit£ d'une tige fine, formed par 
une substance solide quelconaue, de la surface sup6rieure d'un courant d'eau 
bien regie* ou constant, il se forme aussitdt & cette surface une quantity de 
rides pro6minentes, enveloppant de toutes parts le point de contact de la tige 
et du fluide, et presentant Taspect d'une s€rie de coutbes paraboliques qui 
s'envelopperaient les uns les autres, et auraient pour axe de symm&rie, ou pour 
grand axe oomuran, un droit passant par le point dont il s'agit, et dirigee 
dans le sens meme du courant en ce point L'extr6mit6 inf&ieure de la tige 
occupe le sommet de la premiere parabole int6rieure, qui sert comme de 
limite common a toutes les autres ; le nombre des rides parait d'ailleurs etre 
infini, et elles sont disposers entre elles a des intervalles distincts qui croissent 
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avec leur distance au point du contact les rides sont parfaitement 

immobile8 et invariables de forme tant que Fetat de repos de la tige et de 
mouvement du courant n'est pas chang6 ; de plus, au lieu de persister plus ou 
moins apres que cette tige a ete enlevee, le phenom&ne disparait brusque- 
ment, et a l'instant ou le liquide abandonee rextremite inf£rieure de la tige, 

4 laquelle il n'eat plus retenue vers la fin qu'en vertu de Tadherence 

le phenomdne s'opere essentiellement a la surface sup6rieure du fluide. 

" quand le courant se trouve limite per des parois plus ou moins 

voisines de la tige, et paralldles a la direction gen£rale des filets fluides, le 
phenomene des rides se reproduit de la meme mauiere et avec des circon- 
stances sensiblement identiques a celles qui auraient lieu si ces parois n'exist- 
aieni pas, ou si la masse du fluide 6tait indefinie ; c'est-a-dire que la disposi- 
tion, la forme et lea dimensions des rides sont sensiblement les memes, a cela 
pres qu'elles se trouvent brusquement coupees ou interrompues par les parois 
solides qui limitent le courant comme on le voit represent^, sans 6prouver 
d'ailleurs aucune sorte d'inflexion, de deviation ou de reflexion ; Taction de 
la paroi n'ayant d autre eflet ici que de soulever, a l'ordinaire la surface gene- 
rate du niveau du fluide ....!!.... le ph6nomene des rides se manifeste 
egaleraent a Tentour des corps de dimensions plus oil moins grandes, si ce n'est 
que ces rides s'etendent plus au loin, sont plus larges, plus saillantes, et forment 

par consequent des courbes moins d61iees et moins distinctes soit que 

Ton considdre les oudulations dans un meme profil, soit que Ton considere 
lea ondulations qui se correspond dans des profile differens ou qui appartien- 
nent aux memes rides 1'amplitude de ces ondulations, c'est-a-dire leur hauteur 
verticale sera autant moindre, et l'intervalle qui les separe d'autant plus grand, 

que les points auxquels elles appartiennent se trouveront plus eloignes 

ces differens systdmes se superposent exactement aux points de leur rencontres 

mutuelles satis que leur forme soit aucuneiHoiit alte>ee l'examen attentif 

de ces changemens de forme et de position des rides produites a la surface 
d'un courant quelconque par la presence d'un point fine,serait done trds-propre 
a faire juger, au simple ooup d*osil, de l'6tat meme du mouvement en chacun 
des points de cette surface, et pour chacun des instants successifs ou Ton 
viendrait I'observer . . . . mais cela suppose qu'on a fait a l'avance ; une etude 
beaucoup trop compliquee et trop delicate pour que nous ayons pu jusqu' ici 
nous en occuper. . ... on trouve, 1°, que les rides sont imperceptibles quand 
sa vitesse est moyennement au dessous de 25 c per seconde ; 2°, qu elles sont 
d'autant plus deli&es d autant plus distinctes que la Vitesse est plus grande ; 
3°, que le nombre des rides se multiplie aussi & mesure que la vttesse du cou- 
rant augraente, surtout aux environs du point du contact de la tige ; 4-°, que 
les longues branches des rides se reservent de plus en plus* . . . quand la vitesse 
surpasse 5 ou 6 metres les differens rides pamissent se r&luire a une seule .... 
ce phenomene est telle (in standing water) qu'on croirait volontiers que le 
deplaceinent de la tige n'a d'autre effet que de pousser les rides en avant 
d'elle et d'un mouvement commun sur la surface immobile.*' 

These are mere points of difference between these observations and my 
own, which I am disposed to attribute to the peculiarities of condition in 
which the observations of M. Poncelet were made. Hi3 observations appear 
chiefly to have been made in currents, where it was of course impossible to 
secure uniformity of motion over the whole surface. 
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Section IV.— WAVES OF THE FOURTH ORDER. 



The Corpuscular Wave. 

The Sound Wave of Water. 

This order of wave I have denominated the corpuscular wave, because the 
motions by which it is propagated are so minute as to escape altogether direct 
observation, and it is only by mathematical a priori investigation and indi- 
rect deductions from phenomena, that we come to recognise its* existence as 
a true physical wave. The motions by which it is propagated are so minute, 
that it is only by supposing a change in the form of the molecules of the liquid, 
or of their density, if conceived to be in contact, or an instantaneous and 
infinitesimal change in the minute distances of the molecules from each other, 
that the existence of such a wave can be conceived to be possible. 

I, have not examined this wave by any experiments of my own, and indeed 
I find that labour to be perfectly unnecessary, for there has been kindly 
transmitted to me by M. Colladon, a communication of his to the Academy 
of Sciences, which has been printed in the fifth volume of the ' Memoires des 
Savans Jitrangeres/ in which there is given in great detail, an account of a 
complete and most satisfactory determination of the elements of this question. 

Newton's approximate determination of the velocity of sound in the at- 
mosphere was followed by that of Dr. Young and M. Laplace, who effected 
a similar approximation for water and other liquids, and finally the complete 
solution was satisfactorily given by M. Poisson, the velocity being determined 
both for solids and liquids by the formula 
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where D is the density of the substance, k the length of a given column, and 
e the small diminution of length caused by a given pressure P. 

For the determination of the velocity of the sound wave in water, MM. 
Colladon and Sturm undertook a series of experiments on the compression 
of liquids, conducted with very ingenious apparatus, and observed and dis- 
cussed with much accuracy ; by this means they obtained values for the 
quantities P, k and «, from which the velocity of sound should be theoretically 
determined. 

They obtained for the water of the lake of Geneva the following quan- 
tities : — 

Assuming D=l, A =1,000,000, 

they found « =4-8-66, 

and P=(0 m -76)^.m=(0 m -76).(9-8088).(13,544), 

whence c= 1437*8 mdttfes, 

being the theoretical velocity per second of the sound wave in water. 

A very elegant apparatus was next employed for the direct determination 
by experiment of the truth of this result. Two stations were taken on the 
lake of Geneva, the mean depth of water lying between them being about se- 
venty fathoms, and the distance between the stations was carefully determined 
to be 13,487 metres, or 14,833 yards, about eight miles and a half, lying be- 
tween the towns Rolle and Thonon. At one end of this station a large bell 
was suspended at a depth of five or six fathoms below the surface of the 
water, and struck by meehanism so contrived, as at the instant of striking to 
explode a small quantity of gunpowder, and so indicate (during a dark night) 
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to the observer, eight miles off, the instant at which the bell was struck. 
This sound was distinctly heard by a sort of ear-trumpet lowered in the 
water at the other end, and so the observations made. 

The mean time occupied in propagating the sound from one station to 
the other as thus determined, was nine seconds and a half, or more precisely 
9*4 seconds, giving for the velocity of sound by direct experiment 

c=^i|^=U35mdtres, 
9-4 

the actual velocity of the sound wave thus being found to differ from the 
theoretical by not three metres per second. 

The velocity of transmission of the wave of the fourth order in water is 
therefore in English measure about 1580 yards per second, being about one- 
half more rapid than the velocity of sound through the atmosphere. 
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DESCRIPTION OF THE PLATES. 

Plats I. 
Genesis and Mechanism of the Wave of Translation. — Order I. 

Fig. 1. Genesis by impulsion. — A X is the bottom of a long rectangular chan- 
nel filled with water to a uniform depth ; P a thin plate inserted vertically 
in the fluid and fitting the internal surface of the channel. It is moved 
forward from A towards X through the successive positions P„ P& P 9 , P 4 , 
P», and heaping up the water before it generates a wave of the first 
order W 4 , W 5 , which is transmitted along the channel as at W w W to 
W g , &c, being transmitted with uniform velocity as a great solitary wave, 
and leaving the water behind it in repose at the original level. 

Fig. 2. Genesis by a column of fluid. — In the 6ame channel the moveable 
plate P 7 is fixed so as with the end and sides of the channel to form reser- 
voir A G P 4 , containing a column of water G W, raised above the surface 
of repose of the water in the channel. P 7 is suddenly raised as at P H and 
P 9 ; the column descends, presses forward the column anterior to P, and 
raises the surface, generating a wave of translation, which is transmitted 
along the channel as before. After genesis the volume g x reposes on the 
level g& the water in the channel having been translated forwards from P 
to hk ; every particle of water in the channel has during the transmission 
of the wave been translated towards X through a horizontal distance equal 
to PA. 

Fig. 3. Genesis by protrusion of a solid. — L t is a solid suspended at the end 
of the channel, its inferior surface slightly immersed in the fluid. It is 
suddenly detached, descends, displaces the adjacent fluid, and generates a 
wave of translation as in the foregoing methods. 

Fig. 4 exhibits the phenomena of genesis, transmission and regenesis, or 
reflexion of the wave of translation. 

Fig. 5 exhibits in four diagrams the motions of individual wave particles 
during wave transmission. The first diagram represents by arrows the 
simultaneous motions of the particles in different portions of the same wave 
at successive points in its length. At the front of the wave the particles 
<h c > e > 9> taken at equal depths below the surface, are at rest. The wave- 
length is divided into ten equal parts : at the first the motion is chiefly up- 
wards, and very slightly forwards ; at the second, less upwards and more 
forwards ; at the third, still less upwards and still more forwards, and so on ; 
the inclination of the path diminishing to the middle of the wave, where the 
velocity is greatest and the direction quite horizontal. Behind this part of 
the wave the particles are to be seen descending more and more with a 
motion gradually retarded, and at the hinder extremity of the wave they 
are in repose, as at the front. These motions of the particles of water are 
rendered visible by minute particles of any kind mixed with the water and 
nearly of the same specific gravity. Such are the simultaneous motions of 
the successive particles at different stations along the same wave, as ob- 
served in a channel by glass windows placed in the sides and carefully gra- 
duated in small squares for the purpose of observation, the side of the chan- 
nel opposite to the window being similarly graduated. The second diagram 
represents the paths of four particles described during the whole period of 
transmission of a wave. The wave is transmitted from A towards X. The 
anterior extremity of the wave finds one particle at a and carries it for- 
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ward through an ellipse to b, where it is left by the end of the wave : the 
same wave translates the particle c vertically below a through its elliptical 
path and leaves it at d vertically below b, and in like manner e and g are 
transferred to/ and h. All these paths are semi-ellipses (as nearly as it is 
possible to observe them), and are of the same major axis ; but the semi- 
minor axis is at the surface equal to the height of the wave-crest, and di- 
minishes with the distance from the bottom of the channel, where it is nil. 
The third diagram exhibits the phenomena of vertical sections during wave 
transmission : small globules of greater specific gravity than water are sus- 
pended at different depths by means of long slender stalks of less specific 
gravity. These globules are arranged while the water is in repose, in ver- 
tical planes at equal distances along the fluid. These vertical planes are, 
by transmitting the wave, made to approach each other, but still retaining 
their verticality without sensible disturbance... At the middle of the wave- 
length they are brought closest, and at the hinder extremity they recede and 
settle down at their original depth. The fourth diagram shows the change 
of the position of points in the same horizontal planes during wave transmis- 
sion, particles vertically equidistant in repose remaining equidistant during 
wave transmission. 
Fig. 6. Genesis of compound waves. — The first diagram represents the gene- 
sis by a large low column of fluid of a compound or double wave of the 
first order, which immediately breaks down by spontaneous analysis into 
two, the greater moving faster and altogether leaving the smaller. The 
second diagram represents the genesis by a high small column of fluid of a 
positive and uegative wave, which soon separate, the positive wave travel- 
ling more rapidly, leaving altogether the residuary negative wave. The 
negative wave is further noticed in another Plate. W, is the positive and 
id 1 the residuary positive or negative wave as generated. W ft and «7 2 
represent them separated by propagation. 

Plate II. 
Discussion of Observations on the Velocity of Waves. — Order I. 

Fig. 1. Comparison of the observations marked by stars with the formula B, 
indicated by the parabola A B, of which A X is the axis, parallel to which 
are measured abscissae I., II., III., &c, representing the depth of the 
fluid in inches, the corresponding velocities being represented by ordipates 
A 1, A 2, A 3, A Y, &c. at right angles to A X. The manner in which the 
curve passes through among the stars, shows the close approximation of 
the results of individual experiments to the formula B adopted to represent 
them. These are taken from the Table V. 

Fig. 2 exhibits a similar comparison for waves of a larger size than the former. 
See Table IV. 

Figs. S and 4- show a comparison with the observations, marked by stars as 
before, with formulae proposed by Mr. Airy, shown as dots connected by 
dotted tines, and with the formulae employed by the author, shown by a 
continuous black line A B. The eye at once decides whether the black 
line or the dots and dotted line most nearly coincides with the stars. See 
Tables VI. and VII. 

Fig. 5 exhibits a similar comparison of the velocity of negative waves, as ob- 
served in a rectangular channel along A B, and in a triangular channel as 
shown along A B'. The stars show that the velocity falls below that which 
the formulae would assign as due to the depth, especially in the triangular 
channel. See Tables XI. and XII. 

l2 



84 

Fig. 6 exhibits the general results of experiments on velocity ; the horizontal 
spaces indicate depths of five inches to each, and the velocities in per 
second are represented by the vertical spaces which represent each the ve- 
locity of one foot per second in transmission of the wave. A B is the line 
of the formula for a rectangular channel, see Table HI. ; and A B' for a 
triangular channel, see Table XV. 

Fig. 7. A X is the surface of water four inches deep ; B X represents the suc- 
cessive heights of a wave as referred to in Table II. 

Plate III. 
Rediscussion of the Experiments on Velocity* — By the Method of Curves. 

Fig. 1. BC, DE, FG, &c. are lines drawn by the eye through the observa- 
tions of heights of waves shown by the stars ; similar lines were drawn 
through the corresponding observations of velocity. These waves were 
taken as representing the experiments cleared of errors of observation ; 
they were then collected and laid down in fig. 2. 

Fig. % A B is the line given by the formulas employed by the author to re- 
present the velocity of the wave of the first order ; the stars are the ob- 
servations freed in some measure from errors of observation as described 
above. 

Plate III. (continued.) 

Effects of Form of Channel on the Wave." Order I. 

Note. — In a rectangular channel on a level plane the crest of the wave is 
a horizontal line, parallel to the bottom. 

Fig. 3. The section across a channel ; a w the surface of the water in repose ; 

ad=4 inches; we=l inch; A a the height of the wave-crest = l| 

inch ; B w the height on the shallow side = 24 inches. 
Fig. 4. A B d the cross section of a triangular channel, A B the crest of the 

wave, a w the level of the water in repose ; the angle A d B = 90°. 
Fig. 5. Be d a slope of I in 3, being the cross section of a channel c df; 

A B the crest of the wave breaking on the sides, where the height of the 

wave becomes equal to the depth of the water. 
Fig. 6. Cross section of another form of channel. 
Fig. 7. The sea-beach near Kingstown and Dublin. Common sea waves, 

W„ W2, W s , W 4 , W w W 6 , break on the ridge a\ where their height is 

equal to the depth of the still water. They generate small waves of the 

first order, w l9 to„ w s , w 4 , w i9 &c, which are propagated through the still, 

shallow water to great distances, and the intervals between them are left 

level and in repose. 

Plate IV. 

Waves of the First Order — Drawn by themselves. 
These eight waves are of the natural size, being mere transcripts of the out- 
line of a wave left on a dry surface. The four lower outlines in the Plate 
were obtained by inserting a dry surface, moved horizontally with a uni- 
form velocity equal to that of the wave, and instantly removing it The 
moist outline left by the wave was copied on tracing paper, and transferred 
without change to the copper-plate. Another method produced the four 
upper outlines, which were obtained by passing under the wave to be ob- 
served another wave transmitted in the opposite direction. These outlines 
are not therefore to be regarded as copies of a wave, but as transcripts of 
the outline left by the passage of one wave over another ; the crests of both 
describe horizontal straight lines on the side of the channel, but as every 
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' point of one may be regarded as passing over the crest of the other, there 
is a moist outline left on the side of the channel at the crossing, which 
outline is simply transferred to the copper, as in the four upper waves. 
Where a dotted line occurs a blank was left in the outline, which is filled 
up by the eye. The depth of the water was 2 inches, and the parallel 
lines in the figure are at 1 inch apart and serve as a scale. 

Plate V. 

These waves are taken in the same manner, but have been reduced from the 
original outlines to a smaller scale — smaller than the original in the ratio 
of 2 to 3. The horizontal lines are £rds of an inch apart, which represents 
an inch on the full size. The four lowest are taken from waves in water 
2 inches deep on a sloping beach, parallel to g X, k X, IX and m X, with 
an inclination of 1 in 12. The four next are imperfect or compound waves, 
taken from the outline left by passing another in the opposite direction. 
The two highest are taken in the same way, one of them in the act of 
breaking. 

Plate VI. 
The Wave of the First Order. 

Fig. 1 represents the genesis of a compound wave by impulsion of the plate 
with a variable force and velocity, which variations have produced corre- 
sponding variations on the wave form. After propagation the wave breaks 
down by spontaneous analysis; the higher part moves. forward, as shown 
by the dotted line, and ultimately leaves the rest behind, so that after the 
lapse of a considerable period the compound wave is resolved into single 
separate waves, each moving with the velocity due to the depth. 

Fig. 2 represents the phenomena resulting from genesis by a long, low co- 
lumn of water. Instead of genesis of a compound wave, as in the former 
case of impulsion, the added mass sends off a series of single waves, the first 
being the greatest : these however do not remain together, but speedily 
separate, as shown in the dotted lines, and become the further apart the 
longer they travel. 

Figs. 3, 4, 5 and 6 give geometrical approximations to the representation of 
the wave form and phenomena. In fig. 3, d D d is the length of a small 
wave divided into ten equal parts ; c d is equal to the height of the wave, 
on which a circle is described, and of which the circumference is also di- 
vided into ten equal parts. Through these equal divisions of the circle are 
drawn horizontal lines, which are intersected by vertical lines from each of 
the divisions of the straight line dd, as shown in the figure. A continuous 
line, passing through these points of intersection, has for its vertical ordi- 
nates the versed sines of the arcs of the circle, while its abscissae are pro- 
portional to the arcs themselves. Such a line is the curve of versed sines, 
and gives a first approximation to the form of the wave of the first order. 

Fig. 4 gives a second approximation to the form and the representation of 
the phenomena of the wave of the first order. A D d is taken equal to 
the length of the wave in the first approximation = 6*28 times the depth 
of the fluid in repose ; on dc = the height of the wave, a circle is de- 
scribed and divided into equal arcs as formerly, and thus a dotted line, 
A C a\ is formed as before, being the first approximation to the wave form. 
These equal arcs being taken to represent equal times, the versed sines 



86 

also represent the rise and fall of the surface of the wave daring equal 
successive intervals of time. But hitherto we have neglected the motion 
of translation, the horizontal transference of each vertical column of fluid 
in the direction of wave transmission simultaneous with the vertical motion. 

V 
Take the length A to A', such that AA'xAB shall = — = the volume 

of water generating the wave divided by the breadth of the fluid. This 
length, A B, in a small wave will be about three times the height of the 
wave. Take A A' as the major axis of an ellipse, of which the minor axis 
is C D or c d 9 the height of the wave. Let the horizontal lines through 
the equal arcs of the small circle c d be extended to pass through the el- 
lipse A A\ and from the points of division let fall perpendiculars on A A' 
on the points 1, 2, 3, 4, 5, 6, 7> 8, 9, then the lines on the axis A A', viz. 
A 1, A 2, A 3, A 4, A 5, A 6, A 7, A 8, A 9, A A' represent the amount 
of horizontal transference effected during the same time, in which a given 
particle on the surface is rising and falling through the versed sines of the 
equal arcs, viz. d 1, d 2, d 3, d 4, d 5, rf6, d 7, d 8, d 9, d cL Let us now 
effect this horizontal transference on each point of the surface on the first 
wave A C d, by advancing the point 1 horizontally through a distance 
equal to A 1 ; 2 through a distance A 2 ; 3 through a distance a 3, and so 
on, and we shall get a curve A' C d, which closely represents the form of 
the wave, and also its phenomena of horizontal translation = throughout 
the whole depth to A 1, A 2, A 3, A 4, A 5, &c. 

Fig. 5 is obtained in the same way as fig. 4, only for a larger wave ; where 
the height is nearly equal to the depth of the fluid, the ellipse is nearly a 
semicircle. The same ellipse represents also the absolute path of a particle 
on the surface during wave transmission. Ellipses of the same major axes, 
but having their minor axes diminishing with their distance from the bot- 
tom of the channel, will represent the simultaneous motions of particles 
below the surface. 

Fig. 6 shows a single particle path, and three successive positions of the 
wave outline in regard to it. The figures 1, 2, 3, 4, 5, &c, give the si- 
multaneous positions of the particle referred to the wave surface, and the 
same particle referred to the path of the particle. When at 1, 2, 3, 4, 5, 
&c. in the orbit, the particle is also at 1,2, 3, 4, 5, &c. in the wave sur- 
face. Thus the points which succeed each other towards the right on the 
path, succeed towards the left on the wave form. 

Figs. 7 and 8 represent the genesis of the negative wave of the first or- 
der. A solid Q 2 reposes suspended in the fluid, and is suddenly raised 
out of it. A negative wave is generated and propagated along the chan- 
nel, as W 1 in figs. 8, 9 and 10. This negative wave of the first order, 
if it encounter a positive wave of the first order, of equal volume, does 
not pass over it, but they neutralize each other and are annihilated. If 
unequal, their difference, positive or negative, aIone*remains, and is pro- 
pagated as a wave of the first order. 

Figs. 9 and 10 record observations, showing that although the negative 
wave is in its own order solitary, yet that its existence is the cause of ge- 
nesis of a group of gregarious waves, or waves of oscillation of the second 
order ; W 1 is a negative wave of the first order : W 1, W 2, W 3, Ac, 
are all waves of the second order. The curved arrows in fig. 9 show the 
semi-elliptical path of the particles during the transmission of the negative 
wave. After which, during the transmission of the waves of the second 
order, the particles describe circles, continually diminishing in diameter as 
the waves gradually subside. 



87 

Plat* VII. 

Waves of the First Order. — Reflexion, Non-reflexion and Lateral 
Accumulation. 

Id this Plate a wave of the first order, W, R, is represented as incident upon 
a vertical plane surface immovable at R ; t. e. the ridge of the wave forms 
a given angle R,WA. After impact at R the wave is reflected, so that 
the angle of reflexion is equal to the angle of incidence ; and when the 
angle of direction of transmission is great (t . e. when the angle of the ridge 
with the surface is small, not greater than 30°), the reflexion is complete 
in angle and in quantity. When the angle of direction of transmission 
diminishes (i. e. when the ridge of the wave makes an angle greater than 
30°), the angle of reflexion is still equal to the angle of incidence, but the 
reflected wave is less in quantity than the incident wave. The magnitude 
of the reflected wave diminishes as the angle of incidence diminishes, until 
at length, when the angle of the ridge of the wave is within 15° or 20° of 
being perpendicular to the plane, reflexion ceases, the size of the wave near 
the point of incidence and its velocity rapidly increases, and it moves for- 
ward rapidly with a high crest at right angles to the resisting surface. 
Thus at different angles we have the phenomena of total reflexion, partial 
reflexion, and non-reflexion and lateral accumulation ; phesnoniena analo- 
gous in name, but dissimilar in condition from the reflexion of heights, &c. 

Plate VIII. 
Lateral Diffusion of the Wave of Translation round an Axis. 

Figs. 1, 2, 3 and 4 represent a large rectangular reservoir of water filled to 
an uniform depth with water. It is 20 feet square. From a chamber C 
in one corner a wave of the first order was transmitted in the direction 
W 1, W 2 ; and the observations made which appear in the figures. 

In fig. 4 the aspect of the phenomenon is represented. The wave is propa- 
gated in the direction of original propagation, which we shall call its axis, 
with a gradual diminution of its height according to the length of its path 
along the axis. The observations are probably not yet sufficiently nume- 
rous to determine accurately the law of diminution. From this axis the 
wave spreads on every side. At right angles to the axis of propagation the 
height of the wave is scarcely sensible, and the diminution of magnitude is 
very rapid as the line of direction diverges from the axis. The wave is 
also propagated faster in the direction of the primary axis than in any other 
direction, so that the wave-crest is elliptic and elongated in that direction. 

In fig. 3 the heights of a wave are marked by lines. Each line along W w 
and W2w represents one-tenth of an inch in height of the wave ; so that 
the height of the wave is indicated to the eye by the number of lines. 
These observations are made on concentric circles. 

In figs. 1 and 2 the same kind of observations is represented, qnly along 
straight lines. 

Plate IX. 

Waves of the Second Order. — Standing Waves in Running Water. 

The forms of the waves in these figures are the same as those in figs. 9, 10 
of Plate VI., being all cycloidal ; with this difference only, that the waves 
in Plate VI. were moving along the standing water with a uniform velo- 
city, while those in Plate IX. are standing in the running water. The ge- 
nerating course in this case is a large obstacle or large stone in the running 
stream. On this the water impinges ; it is heaped up behind it ; it acquires 
a circular motion which is alternately coincident with and opposed to the 
stream ; the water having once acquired this circular oscillating motion in 
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a vertical direction retains it, the water is alternately accumulated and ac- 
celerated, and thus standing waves are formed, as shown in figs. 1 and 2. 
Figs. 3 and 4 exhibit a remarkable case of the coexistence in one stream of 
two sets of waves moving with velocities differing in about the proportion 
of two to three. On one side of a stream there projected a ledge of rock 
M , over whicli fell a thin sheet of water into a large pool, nearly still, 
without generating any sensible wave. On the opposite side a deep violent 
current was running round the obstacle with great rapidity. The middle 
part of the channel was occupied by a large boulder, over which also a 
stream flowed, generating standing waves with a smaller velocity. These 
waves are also remarkable for non-diffusion, as they will preserve their 
visible identity to a great distance without being dissipated. 

Plate X. 

Waves of the Second Order. — Their Mechanism. 

All the waves of the second order, whether standing waves in running 
water or travelling waves in standing water, exhibit the forms of the curves 
B A B C D in fig. 1. These are cycloids, having for their base the rec- 
tilineal distance A C, and for their height the corresponding circles. In 
the case of standing waves in running water these cycloids represent the 
actual paths of individual particles of water in the running stream, as shown 
in Plate IX. In the case of travelling waves in standing water, the circles 
represent the paths described by the individual particles of water, and the 
cycloids the visible moving surface presented to the eye. The motion of 
oscillation in the upper half of the circle is in running water, opposite to 
the motion of the stream, and in standing water is in the same direction as 
the visible motion of transmission of the waves. The figure shows the rapid 
diminution of the motion of oscillation with the depth. I am indebted for 
this figure to M. Gerstner, whose theory it illustrates, and I have given it 
because I find it represent my own observations as correctly as any figure 
of my own could do. I have only found it necessary in reconstructing his 
figure to clear it of some slight inaccuracies. The shaded parts on the left 
show the different forms which given portions of water successively assume 
during wave motion. The circular orbits are divided into equal portions, 
numbered 1, 2, 3, 4, &c, to show that the particles of water are in those 
points of the circles at the same instants the corresponding particles are at 
the points 1, 2, 3, 4, &c. of the cycloidal paths. 

Plate X. (continued.) 

Waves of ike Third Order.— Capillary Waves. 

Fig. 2 represents a slender rod inserted in standing water, raising around it 
by capillary attraction a circular portion of the surface of the fluid. A slow 
motion gives it the form represented in fig. 3, and more rapid motions, but 
all of less than a foot per second, give it the forms in figs. 4, 5 and 6 ; 
at the velocity of one foot per second the phenomena become those re- 
presented in Plate XI. 

Plate XL 

Waves of the Third Order.— Capillary Waves. 

This Plate gives a plan and section on one-half of the natural size of the 
group of capillary waves generated by a disturbing rod one-sixteenth of an 
inch in diameter, moving along the surface with a uniform velocity. The 
section is taken in the direction of the motion of disturbance from A to X, 
and the same letters refer to the ridges of the same waves in both plan 
and section. The velocity is one foot per second. 
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